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Abstract

In recent previous work [E. Hansen, T. Stillfjord and T. Åberg, SIAM
J. Numer. Anal., to appear], we analyzed the convergence of operator
splitting methods applied to operator-valued differential Riccati equations
(DRE). In this paper, we extend these results by analyzing the conver-
gence of a full discretization based on finite elements in space and Lie
splitting in time. As far as we are aware, this is the first such analysis
for DRE. There are very few analyses of temporal discretizations of DRE
overall, and none of them have been combined with spatial discretizations.
However, it is clearly vital to know when the full discretization converges,
since this is what will be used in practical applications. Our main result
is that except for logarithmic factors, the method converges with order
one in time and order two in space, under fairly weak assumptions on the
problem data. This is illustrated by a numerical experiment based on an
application in optimal control.

1 Introduction

This paper is a continuation of the work in [7], in which the convergence of split-
ting schemes applied to operator-valued differential Riccati equations (DRE)
was studied. Here, we combine such a temporal discretization with a spatial
discretization based on finite elements and analyze the convergence of the re-
sulting full discretization.

A DRE is a semi-linear differential equation of the form

Ṗ (t) = A∗P (t) + P (t)A+Q− P (t)SP (t), t ∈ (0, T ], P (0) = P0. (1.1)

Such equations play a prominent role in optimal control, where their solutions
provide the optimal feedback laws in finite-horizon linear quadratic regulator
(LQR) problems. We consider the case when the problem data A, Q and S
are all operators on a Hilbert space H, which means that also the solution
values P (t) are operators on H. This corresponds to optimal control of partial
differential equations. To approximate these solutions in practice thus requires
both a temporal and a spatial discretization.
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Many different methods for DRE have been proposed in the literature. While
essentially all spatial discretizations are based on finite elements, a wide variety
of temporal discretizations have been suggested. We refer to [7] for a recent
overview. As also noted there, there are very few rigorous analyses of tempo-
ral discretizations of DRE in the literature. Spatial discretizations have been
analysed more extensively, but mostly for algebraic Riccati equations. We are
not aware of any paper which analyses a combination of temporal and spatial
discretizations for DRE.

The aim of this paper is therefore to provide a rigorous convergence analysis
of such a combination of methods. As in [7], we consider the Lie splitting scheme
in time, which iterates between approximating the solutions to the subproblems
Ṗ (t) = A∗P (t) + P (t)A + Q and Ṗ (t) = −P (t)SP (t). This can be done much
more efficiently than directly approximating the solution to (1.1). In space, we
consider a large class of discretizations that covers all standard finite element
discretizations applicable to problems of the type Ax = f .

The analysis uses our temporal convergence results in [7] and the spatial
convergence results in [9] as a starting point. Let h denote the spatial dis-
cretization parameter, let τ be the time step, and let Pn,h ≈ P (nτ) denote the
fully discretized approximation extended to an operator on H. Then our main
result is that for all sufficiently small h and τ ,

∥P (nτ)− π∗
hPn,hπh∥L(H) ≤ C

(
h2(nτ)−1 + h2(1 + | log h|) + τ(1 + | log τ |)

)
That is, away from t = 0 the method is first-order convergent in time and
second-order convergent in space, except for logarithmic factors which arise due
to relatively weak assumptions on the problem. The singularity at t = 0 arises
from a corresponding singularity of (1.1). We emphasize that the convergence
is measured in the operator norm ∥·∥L(H) for bounded operators on a Hilbert
space H. This is much stronger than the pointwise convergence of the type
∥P (nτ)x− Pn,hx∥ → 0 for x ∈ H that is frequently considered, e.g. in [1].

In brief, the analysis approach is as follows:

1. We first compare the exact solution P to the spatially semi-discretized
approximation Ph, where the initial condition of the latter is a spatial
discretization of P0. The difference ∥P (t) − Ph(t)∥L(H) can be bounded
using the results in [9].

2. Inspired by the approach in the lecture notes by Crouzeix [4], we compare

Ph to P̃h where P̃h is the same spatial semi-discretization of (1.1) as Ph,

but with a different, carefully chosen, regularized initial condition P̃0,h.

3. After proving that P̃h is uniformly bounded with respect to h, we apply
the results in [7] to P̃h(nτ)− P̃n,h, where P̃n,h is the fully discretized DRE

approximation with initial condition P̃0,h.

4. Finally, we bound P̃n,h−Pn,h by following a similar procedure as to what
would be used for the corresponding vector-valued elliptic problems.
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The rest of the paper is organized in the following manner. Section 2 specifies
the details of the setting which we consider, and the main consequences of the
assumptions on the problem data A, S, Q and P0. The properties of the family
of spatial discretizations which fit into our framework are stated in Section 2.1
together with important a priori bounds and convergence results. Then the
details of the temporal discretization described in [7] is reviewed in Section 2.2,
and important auxiliary results are shown to be independent of h. Section 3
contains the main result and the details of the proof which is outlined in the
previous paragraph. These theoretical results are illustrated by a numerical
experiment in Section 4, and concluding remarks are given in Section 5.

2 Setting

The setting in which we will analyze the method is the same as in [7], but
we restate the important notation here for the convenience of the reader. Let
H be a Hilbert space over C, and U , Y be two auxiliary Hilbert spaces. In
the context of LQR problems, U and Y correspond to the input and output
spaces, respectively, while H is the state space. We denote the inner product
of a generic Hilbert space X by (·, ·)X and the induced norm by ∥·∥X . In
both cases the subscript will be omitted if the space is clear from context.
Furthermore, L(X,Z) denotes the Banach space of linear bounded operators
from X to another Hilbert space Z, equipped with the usual operator norm.
When X = Z, this space will be denoted by L(X). The Hilbert space adjoint
of an operator V : Z → X is denoted by V ∗ : X → Z. The subspace of L(X)
consisting of self-adjoint operators, i.e. those satisfying (V x, y) = (x, V y) for
all x, y ∈ X, will be denoted by Σ(X). Those operators which are additionally
non-negative, i.e. where (V x, x) ≥ 0 for all x ∈ X, will be denoted by Σ+(X).
Finally, we denote the usual supremum norm by

∥P∥∞ = sup
t∈(0,T )

∥P (t)∥H .

Throughout the paper, C will denote an arbitrary positive constant which may
be different from line to line. It will often depend on the problem data T ,
∥Q∥L(H) and ∥S∥L(H), but for brevity we only specify its dependence on other
parameters.

We make the following standard assumptions in order to ensure the existence
of solutions to (1.1) following the framework presented in [2].

Assumption 1. There are operators B ∈ L(U,H) and E ∈ L(H,Y ) such
that Q and S can be factorized as Q = E∗E and S = BB∗. Further, P0 ∈
Σ+(H), and the unbounded operator A : D(A) ⊂ H → H is the generator of an
exponentially stable analytic C0-semigroup etA.

Remark 2.1. The assumption of exponential stability is not a constraint, since
if A is the generator of an analytic semigroup that is not exponentially stable,
then one can always find λ such that the semigroup generated by A − λI is
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exponentially stable. While this shift alters (1.1), the changes do not lead to
substantive differences in the analysis. To simplify the exposition, we therefore
assume throughout that etA is exponentially stable, and outline the necessary
modifications for when it is not in Appendix A.

Next, for P ∈ Σ(H) define the bilinear map φ̃P (·, ·) : D(A)×D(A) → C by

φ̃P (x, y) = (Px,Ay) + (Ax, Py),

and consider the set of P such that it is bounded with respect to the norm of
H, that is

D(A) =
{
P ∈ Σ(H) : |φ̃P (x, y)| ≤ C∥x∥∥y∥ for all x, y ∈ D(A)

}
.

For such P , φ̃P can be extended to an operator φP : H×H → C, and this gives
rise to the operator A : D(A) → Σ(H) defined by

(A(P )x, y) = φP (x, y) for all x, y ∈ H.

This operator is the proper extension of the sum A∗P + PA, which is not
necessarily in Σ(H). In particular, it holds that

A∗Px+ PAx = A(P )x for all x ∈ D(A).

when P ∈ D(A). For further details and a proof of the previous statement, we
refer to [2, Part IV]. From now on, we will be working with the equation

Ṗ (t) = AP (t) +Q− P (t)SP (t), t ∈ (0, T ], P (0) = P0, (2.1)

instead of (1.1). Under Assumption 1, this problem has a unique solution,
see [7] and [2, Part IV]. To guarantee sufficient regularity of this solution for
the temporal discretization to converge with the expected order, we additionally
make the following assumption, cf. [7]:

Assumption 2. P0 is in the domain of A.

Furthermore, there is a semigroup etA : Σ(H) → Σ(H) associated with A,
defined by

etAP = etA
∗
P etA.

It is important to note that etA is not (in general) strongly continuous, which
is why we do not say that it is generated by A. Nevertheless, we have the
pointwise continuity limt→0 e

tAPx = Px for any x ∈ H and the important
identity d

dte
tAP = AetAP holds for P ∈ D(A) when t > 0. The semigroup

is also bounded in the way one would expect, as summarized in the following
theorem:

Theorem 2.1. Let A be the generator of an exponentially stable analytic semi-
group. Then there exists a ω0 < 0 such that

∥etA∥L(H) ≤ Ceω0t, t ≥ 0,

∥AetA∥L(H) ≤
Ceω0t

t
, t > 0.
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Similarly, with A defined as above and M ∈ L(H),

∥etAM∥L(H) ≤ Ce2ω0t∥M∥L(H), t ≥ 0,

∥AetAM∥L(H) ≤
Ce2ω0t

t
∥M∥L(H), t > 0.

Proof. This follows directly from standard results on analytic semigroups in the
same way as Lemma 2.5 in [7].

Remark 2.2. The bounds in Theorem 2.1 will be used in Lemma 2.6 and 2.7
with ω0 < 0 to ensure that A and its approximations have suitable properties.
In the rest of the paper, we typically use the slightly weaker bounds that arise
from replacing ω0 by 0.

2.1 Spatial discretization

We assume that we have a family of finite dimensional subspaces Hh ⊂ H
depending on a discretization parameter h > 0, with ∥u∥Hh

= ∥π∗
hu∥H for any

u in Hh. Here, the operator πh : H → Hh denotes the H-orthogonal projection
onto Hh and π∗

h : Hh → H is the isometric injection operator. We note that
given an operator Ph ∈ L(Hh), the natural extension to an operator in L(H) is
given by π∗

hPhπh, and it holds that

∥π∗
hPhπh∥L(H) = ∥Ph∥L(Hh). (2.2)

Furthermore, we have a family of operators Ah : Hh → Hh, which serve as
approximations of the operator A.

Following [11, Chapter 4],we assume that the approximating spaces and
operators fulfill the following bounds:

Assumption 3. Let A fulfill the assumptions given in Assumption 1 and let
h0 > 0. The following holds for all h ≤ h0. First, the approximating spaces Hh

have the property that ∥x − πhx∥ → 0 as h → 0 for all x ∈ H. Furthermore,
Ah ∈ L(Hh) satisfies

∥π∗
he

tAhπh∥L(H) ≤ Ceω0t, t ≥ 0, (2.3)

∥π∗
hAhe

tAhπh∥L(H) ≤ C
eω0t

t
, t > 0. (2.4)

Finally, the operator Ah approximates A in the sense that

∥A−1 − π∗
hA

−1
h πh∥L(H) ≤ Ch2. (2.5)

Remark 2.3. We note that A−1 exists as an operator in L(H) by virtue of
A being the generator of an exponentially stable analytic semigroup. In par-
ticular, let ρ < ω0. Then A + ρI generates an analytic semigroup. By the
characterization of analytic semigroups, see e.g. [12, Theorem 12.31], it follows
that (λI − (A + ρI))−1 ∈ L(H) for any λ > 0. Choosing λ = ρ proves the
assertion. That A−1

h exists is part of Assumption 3.
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Remark 2.4. The inequalities (2.3) and (2.4) are analogous to Assumption
A.1 in Section 4.1.2.1 of [11]. We note that the ω0 in this assumption is not the
same parameter as our ω0. The difference is that Assumption A.1 is formulated
for possibly unstable A, while we assume that A generates an exponentially
stable semigroup. The former case can be converted into the latter by a shift
A → A − λI as described in Appendix A. This is also used in [11], where the
shifted operator is denoted −Â.

Remark 2.5. The restriction h ≤ h0 will be enforced throughout the paper,
but the choice of h0 is arbitrary and it has a minor effect on the error constants.
It could therefore, e.g., be chosen as the diameter of the computational domain.

A main consequence of these assumptions on A and Ah is that we can also
bound the corresponding solution operators in a similar way:

Lemma 2.2 ([11, Proposition 4.1.2.1 (i)]). Under Assumption 1 and Assump-
tion 3,

∥π∗
he

tAhπh − etA∥L(H) ≤ Ceω0t
h2

t

for t > 0.

As in Remark 2.2, the bounds on the exponentials in (2.3) will typically be
used in the weaker form which arises from replacing ω0 by 0, i.e., ignoring the
decay when t > 0.

We define Ah : L(Hh) → L(Hh) by

AhUh = A∗
hUh + UhAh,

which induces the semigroup etAh : L(Hh) → L(Hh) given by

etAhUh = etA
∗
hUhe

tAh .

For these operators, the bounds of Assumption 3 can be directly extended to
yield the following analogue of Theorem 2.1:

Lemma 2.3. Let Assumption 1 and 3 hold. Then for any Mh ∈ L(Hh),

∥etAhMh∥L(Hh) ≤ Ce2ω0t∥Mh∥L(Hh), t ≥ 0,

∥Ahe
tAhMh∥L(Hh) ≤

Ce2ω0t

t
∥Mh∥L(Hh), t > 0.

Furthermore, we approximate the operators S and Q by their projections Sh ∈
L(Hh) and Qh ∈ L(Hh), defined by

Sh = πhSπ
∗
h, Qh = πhQπ∗

h.

Lemma 2.4. Let Assumtion 1 hold, then the operators Sh and Qh are both in
Σ+(Hh), and

∥Sh∥L(Hh) ≤ ∥S∥L(H),

∥Qh∥L(Hh) ≤ ∥Q∥L(H).
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Proof. The first assertion follows from the fact that

(πhSπ
∗
hx, x)H = (Sπ∗

hx, π
∗
hx)H for all x ∈ Hh,

and similarly for Qh. The second follows from ∥πh∥L(H,Hh) = 1.

We will then consider the (spatially) semi-discretized Riccati equation given
by

Ṗh(t) = AhPh(t) +Qh − Ph(t)ShPh(t), t ∈ (0, T ],

Ph(0) = πhP0π
∗
h,

(2.6)

for Ph(t) ∈ Σ+(Hh). For this problem there exist several convergence results.
As far as the authors are aware, the following is the most sharp:

Theorem 2.5 ([9, Theorem 3.1]). Let Assumptions 1 and 3 hold. Then the
spatial error is bounded by

∥P (t)− π∗
hPh(t)πh∥L(H) ≤ Ch2(t−1 + | log h|).

Remark 2.6. While the term t−1 is unfortunate, it reflects the typical be-
haviour of the exact solution P of (2.1) near t = 0. It is unclear whether this
term can be removed by imposing regularity constraints on P0 (such as Assump-
tion 2), because the proof strategy in [9] is based on the connection between
Riccati equations and LQR problems rather than the direct approach consid-
ered here. We note that the singularity is avoided in [3], but at the price of
working in the setting of compact linear operators. This severely restricts the
applicability of the results.

The term log h is removable under further assumptions on P0, U and the
spaces Hh, see [8]. But since its influence is marginal, we chose to include it in
order to improve both the applicability of the results and the readability of the
analysis.

The approximation properties have been given in terms of A and Ah, but we
are interested in working with the operators A and Ah instead. The following
two results show that the bound given by (2.5) can be extended to the operators
A and Ah. By the idea in [5, Theorem 4.1.3], we obtain the first result.

Lemma 2.6. Let Assumptions 1 and 3. The operators A : D(A) → Σ(H)
and Ah : Σ(Hh) → Σ(Hh) are both invertible, independent of h. Furthermore,
A−1 : Σ(H) → Σ(H) and A−1

h : Σ(Hh) → Σ(Hh) are bounded.

Proof. Consider first A. For an arbitrary M ∈ Σ(H) we define P by

Pz =

∫ ∞

0

esA
∗
MesAzds

for any z ∈ H. This is well-defined, since by Theorem 2.1 the norm of the
integrand is bounded by C2e2ω0s∥M∥∥z∥. Since esA

∗
MesA is also symmetric,

P ∈ Σ(H).
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Now take x, y ∈ D(A). We have

(Px,Ay) + (Ax, Py) =

∫ ∞

0

(esA
∗
MesAx,Ay) ds+

∫ ∞

0

(Ax, esA
∗
MesAy) ds

=

∫ ∞

0

(esAx,MesAAy) ds+

∫ ∞

0

(esAAx,MesAy) ds

=

∫ ∞

0

d

ds
(esAx,MesAy) ds.

Since the integrand satisfies∥∥∥∥ d

ds
(esAx,MesAy)

∥∥∥∥ ≤ 2C2e2ω0s∥M∥∥Ax∥∥Ay∥∥x∥∥y∥

it is integrable on [0,∞), and we get

(Px,Ay) + (Ax, Py) =
[
(esAx,MesAy)

]∞
0

= −(x,My),

since esAz → 0 as s → ∞ for any z. Hence

φP (x, y) = −(Mx, y)

is continuous, so P ∈ D(A) andAP = −M . Since the choice ofM was arbitrary,
A is surjective. To see that A is also injective, take P1, P2 ∈ D(A) and assume
that A(P1) = A(P2), i.e.

φP1(x, y)− φP2(x, y) = 0 for all x, y ∈ H.

This implies that

(Ax, (P1 − P2)y) + ((P1 − P2)x,Ay) = 0 for all x, y ∈ D(A).

If x0, y0 ∈ D(A) then both the particular choices x = etAx0 and y = etAy0
belong to D(A) for any t ≥ 0, so we find that

0 = (AetAx0, (P1 − P2)e
tAy0) + ((P1 − P2)e

tAx0, Ae
tAy0)

=
d

ds
(etAx0, (P1 − P2)e

tAy0).

Thus t 7→ (etAx0, (P1 − P2)e
tAy0) is constant. But both etAx0 and etAy0 tend

to 0 as t → ∞, since etA is exponentially stable. Thus the constant must be 0.
In particular with t = 0,

0 = (x0, (P1 − P2)y0), for all x0, y0 ∈ D(A).

Since D(A) is dense in H, this means that P1 = P2, and thus A is invertible.
That A−1 is bounded follows directly from

sup
∥M∥L(H)=1

∥A−1(M)∥L(H) = sup
∥M∥L(H)=1

∥∥∥∥−∫ ∞

0

esA
∗
MesA ds

∥∥∥∥
L(H)

≤ sup
∥M∥L(H)=1

∫ ∞

0

C2e2ω0s∥M∥L(H) ds.
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By Assumption 3, specifically (2.3), the above arguments are also valid if A
and H are replaced by Ah and Hh.

Lemma 2.7. Let Assumptions 1 and 3. Then there exists a constant C, such
that

∥A−1(M)− π∗
hA−1

h (πhMπ∗
h)πh∥L(H) ≤ C∥M∥L(H)h

2(1 + | log h|).

Proof. By the proof of Lemma 2.6 we have that for any z ∈ H

A−1(M)z = −
∫ ∞

0

esA
∗
MesAz ds,

and similarly,

π∗
hA−1

h (πhMπ∗
h)πhz = −

∫ ∞

0

π∗
he

sA∗
hπhMπ∗

he
sAhπhz ds.

Thus

A−1(M)z − π∗
hA−1

h (πhMπ∗
h)πhz

= −
∫ ∞

0

(
esA

∗
− π∗

he
sA∗

hπh

)
MesAz + π∗

he
sA∗

hπhM
(
esAz − π∗

he
sAhπhz

)
ds

=:

∫ ∞

0

I(s)z ds.

We split the integral into two parts, I1(z) =
∫ h2

0
I(s)z ds and I2(z) =

∫∞
h2 I(s)z ds.

By Theorem 2.1 and Assumption 3 both exponentials are uniformly bounded,
so ∥I1(z)∥ ≤ Ch2∥M∥L(H)∥z∥. By Lemma 2.2, we further get

∥I2(z)∥ ≤
∫ ∞

h2

Ceω0s
h2

s
∥MesAz∥+ ∥π∗

he
sA∗

hπhM∥L(H)Ceω0s
h2

s
∥z∥ ds

≤ Ch2∥M∥L(H)∥z∥
∫ ∞

h2

eω0s
1

s
ds

≤ Ch2∥M∥L(H)∥z∥
(∫ 1

h2

1

s
ds+

∫ ∞

1

eω0s ds
)

so that ∥I2(z)∥ ≤ Ch2(1 + | log h|)∥M∥L(H)∥z∥. Combining the bounds on I1
and I2 and taking the supremum over z with ∥z∥ = 1 proves the result.

2.2 Full discretization

In order to arrive at a full discretization of the DRE, we now discretize (2.6)
in time using the Lie operator splitting scheme. We formulate it using the
operators Fh, Gh : L(Hh) → L(Hh), which are defined by

FhMh = AhMh +Qh and

GhMh = −MhShMh.
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These are analogous to the operators F and G in [7] for the spatially non-
discretized case. They give rise to the subproblems

Ṁh = FhMh, Mh(0) = M0,h,

Ṁh = GhMh, Mh(0) = M0,h,

whose solutions we denote by

etFhM0,h and etGhM0,h,

respectively, for any M0,h ∈ Σ+(Hh).
The following auxiliary lemmas correspond to Lemma 2.11 and Lemma 2.12

in [7] and follow directly from applying these results to (2.6) and using the
uniform bounds on Sh and Qh in Lemma 2.4.

Lemma 2.8. Let Assumption 1 hold and M0,h ∈ Σ+(Hh). Then etGhM0,h =(
I + tShM0,h

)−1
M0,h, defined on [0, T ], fulfills

∥t 7→ etGhM0,h∥∞ ≤
(
1 + Tρ∥S∥L(H)

)
ρ,

for all M0,h such that ∥M0,h∥L(Hh) ≤ ρ. Additionally, the derivatives of this
function fulfill∥∥∥∥ dj

dtj

(
t 7→ etGhM0,h

)∥∥∥∥
∞

≤ j!∥S∥jL(H)

(
1 + Tρ∥S∥L(H)

)j+1
ρj+1,

for j = 1, . . ..

Lemma 2.9. Let M1,h,M2,h ∈ L(Hh) both fulfill ∥Mi,h∥L(Hh) ≤ ρ, i = 1, 2.
Then

∥GhMh,1 −GhMh,2∥L(Hh) ≤ 2ρ∥S∥L(H)∥Mh,1 −Mh,2∥L(Hh).

We consider a uniform temporal grid with step size τ , such that T =
Nτ . The fully discretized scheme is then defined by Pn,h ≈ Ph(nτ) where
π∗
hPh(nτ)πh ≈ P (nτ) and

Pn,h = Ln
h,τP0,h, P0,h = Ph(0),

with
Lh,τ = eτFheτGh .

For a generic initial condition M0,h ∈ Σ+(Hh), the application of the operator
Lh,τ can be formulated in the following way:

Lh,τM0,h = eτAhM0,h +

∫ τ

0

e(τ−s)AhQh ds+ τeτAhGhM0,h

+

∫ τ

0

(τ − s)eτAh
d2

ds2
esGhM0,h ds

=: L0,h,τ (M0,h) + L1,h,τ + L2,h,τ (M0,h) + L3,h,τ (M0,h).

(2.7)

This expansion will be used in the analysis in the next section.
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3 Full space-time convergence analysis

Our main result, which will be proved in the rest of this section, is:

Theorem 3.1. Let Assumption 1, 2 and 3 be fulfilled. Then it holds that

∥P (nτ)− π∗
hPn,hπh∥L(H) ≤ C

(
h2(nτ)−1 + h2(1 + | log h|) + τ(1 + | log τ |)

)
for sufficiently small h and τ . The error constant C only depends on h0, T ,
∥P0∥L(H), ∥AP0∥L(H), ∥Q∥L(H), and ∥S∥L(H).

Consider again the spatially semi-discretized DRE (2.6). To directly apply
the temporal convergence results in [7] to this equation, we would have to bound
the derivative Ṗh over (0, T ], uniformly in h. This is unfortunately not straight-
forward, since ∥Ah∥L(Hh) → ∞ as h → 0 and Ṗh(t) approaches Ah(πhP0π

∗
h)

when t → 0. For this reason, we introduce the regularized initial condition

P̃0,h := A−1
h (πhAP0π

∗
h)

together with the auxiliary equation

˙̃
Ph(t) = AhP̃h(t) +Qh − P̃h(t)ShP̃h(t), t ∈ (0, T ],

P̃h(0) = P̃0,h,
(3.1)

where P̃h(t) ∈ Σ+(Hh). Analogously to the full discretization Pn,h, we also

define the auxiliary discretization P̃n,h by

P̃n,h = Ln
h,τ P̃0,h.

The initial value P̃0,h is close to P0,h, as shown in the next lemma.

Lemma 3.2. Let Assumption 1, 2 and 3 hold. Then

∥π∗
hP0,hπh − π∗

hP̃0,hπh∥L(H) ≤ C∥AP0∥L(H)h
2(1 + | log h|).

Proof. First note that both P0,h and P̃0,h are elements of L(Hh), and that πhπ
∗
h

is the identity operator on Hh. Thus,

P0,h − P̃0,h = πh

(
P0 − π∗

hA−1
h

(
πhAP0π

∗
h

)
πh

)
π∗
h.

Since P0 ∈ D(A) we may write P0 = A−1(AP0) and therefore

∥π∗
hP0,hπh − π∗

hP̃0,hπh∥L(H)

= ∥P0,h − P̃0,h∥L(Hh)

≤ ∥πh∥L(H,Hh)∥A
−1(AP0)− π∗

hA−1
h

(
πhAP0π

∗
h

)
πh∥L(H)∥π∗

h∥L(Hh,H)

≤ C∥AP0∥L(H)h
2
(
1 + | log h|

)
,

where we have used the identity (2.2), Lemma 2.7, with M = AP0, and the fact
that ∥πh∥L(H,Hh) = ∥π∗

h∥L(Hh,H) = 1.

11



We also have the following uniform bounds with respect to h.

Lemma 3.3. Let Assumption 1, 2 and 3 hold. Then there exists a parame-
ter γ0 > 0 such that

max
{
∥π∗

hPhπh∥∞, ∥π∗
hP̃hπh∥∞, ∥π∗

h
˙̃
Phπh∥∞

}
≤ γ0 (3.2)

for all h ≤ h0. Here, γ0 = γ0(h0, ∥P0∥L(H), ∥AP0∥L(H), T, ∥Q∥L(H), ∥S∥L(H)).

Proof. By the same proof as in [2, Lemmas IV.1.2.2–1.2.3, Theorem IV.1.2.1],
applied to the finite dimensional problems (2.6) and (3.1), respectively, we have

that ∥π∗
hPhπh∥∞, ∥π∗

hP̃hπh∥∞ can be bounded in terms of T, ∥Q∥L(Hh), ∥S∥L(Hh)

and ∥P0,h∥L(Hh), ∥P̃0,h∥L(Hh). The terms ∥Q∥L(Hh), ∥S∥L(Hh) are uniformly
bounded with respect to h by Lemma 2.4, ∥P0,h∥L(Hh) ≤ ∥P0∥L(H), by con-
struction, and Lemma 3.2 gives

∥P̃0,h∥L(Hh) = ∥π∗
hP̃0,hπh∥L(H) ≤ ∥P0∥L(H) + Ch2

0(1 + | log h0|)∥AP0∥L(H).

Hence, the Ph and P̃h terms in (3.2) are uniformly bounded with respect to h.

Let Vh =
˙̃
Ph. As AhP̃0,h = πhAP0π

∗
h one has that

V̇h(t) = AhVh(t)− Vh(t)ShP̃h(t)− P̃h(t)ShVh(t), t ∈ (0, T ],

Vh(0) = πhAP0π
∗
h +Qh − P̃0,hShP̃0,h.

By the variation of constants formula we can represent this as

Vh(t) = etAhVh(0) +

∫ t

0

e(t−s)Ah(P̃h(s)ShV (s) + V (s)ShP̃ (s)) ds.

Taking the norm results in

∥Vh(t)∥L(Hh) ≤ ∥eAht∥L(Hh)∥Vh(0)∥L(Hh)

+ 2

∫ t

0

∥eAh(t−s)∥L(Hh)∥S∥L(H)∥π∗
hP̃hπh∥∞∥Vh(t)∥L(Hh) ds

≤ C∥Vh(0)∥L(Hh) + C∥S∥L(H)∥π∗
hP̃hπh∥∞

∫ t

0

∥Vh(t)∥L(Hh) ds

≤ C
(
∥AP0∥L(H) + ∥S∥L(H)∥π∗

hP̃0,hπh∥2L(H) + ∥Q∥L(H)

)
+ C∥S∥L(H)∥π∗

hP̃hπh∥∞
∫ t

0

∥Vh(t)∥L(Hh) ds.

The continuous Grönwall’s inequality, see e.g. [6, Proposition 2.1], then yields
that

∥π∗
h
˙̃
P (t)πh∥L(H) = ∥Vh(t)∥L(Hh) ≤ C(∥π∗

hP̃0,hπh∥L(H))e
C∥S∥L(H)T∥π∗

hP̃hπh∥∞ .

As the right-hand-side does not depend on t and the terms ∥π∗
hP̃0,hπh∥L(H),

∥π∗
hP̃hπh∥∞ are uniformly bounded with respect to h, we have also derived a

uniform bound for ∥π∗
h
˙̃
Pπh∥∞.

12



Remark 3.1. The value γ0 defined in Lemma 3.3 will be used throughout the
rest of the analysis without further reference to the lemma.

We can now rewrite the full error in the following way:

∥P (nτ)− π∗
hPn,hπh∥L(H) ≤ ∥P (nτ)− π∗

hPh(nτ)πh∥L(H)

+ ∥π∗
h

(
Ph(nτ)− P̃h(nτ)

)
πh∥L(H)

+ ∥π∗
h

(
P̃h(nτ)− P̃n,h

)
πh∥L(H)

+ ∥π∗
h

(
P̃n,h − Pn,h

)
πh∥L(H)

=: En
1 + En

2 + En
3 + En

4 .

(3.3)

This formalises the outline of the analysis given in Section 1; the i-th item in
the list corresponds to En

i . The first term En
1 is directly bounded in terms of h

by Theorem 2.5. The following lemmas bound the remaining terms.

Lemma 3.4. Let Assumption 1, 2 and 3 be fulfilled. Then

En
2 ≤ C(γ0, ∥AP0∥L(H))h

2(1 + | log h|)

for all n = 0, . . . , N , and h ≤ h0.

Proof. The operator Wh = Ph − P̃h fulfills the equation

Ẇh = AhWh − PhShPh + P̃hShP̃h = AhWh −WhShPh − P̃hShWh, t ∈ (0, T ],

Wh(0) = P0,h − P̃0,h,

and we have the representation

Wh(t) = etAh
(
P0,h − P̃0,h

)
−
∫ t

0

e(t−s)Ah
(
Wh(s)ShPh(s)− P̃h(s)ShWh(s)

)
ds.

By Lemmas 2.3, 3.2 and 3.3 we have the bound

∥Wh(t)∥L(Hh) ≤ C∥AP0∥L(H)h
2(1 + | log h|) + C(γ0)

∫ t

0

∥Wh(s)∥L(Hh)ds.

The continuous Grönwall’s inequality once again implies that

∥π∗
h

(
Ph(t)−P̃h(t)

)
πh∥L(H) = ∥Wh(t)∥L(Hh) ≤ C∥AP0∥L(H)h

2(1+| log h|)eC(γ0)T

for all t ∈ [0, T ], and the desired bound follows.

Lemma 3.5. Let Assumption 1, 2, and 3 hold. Then there exist a constant
τ0 > 0, such that

∥π∗
hP̃n,hπh∥L(H) ≤ γ0 + 1 and En

3 ≤ C(γ0)τ(1 + | log τ |)

for all n = 0, . . . , N , h ≤ h0, and τ ≤ τ0. Here, τ0 depends on the parameter γ0
and the problem data T, ∥Q∥L(H), ∥S∥L(H).

13



Proof. For a fixed h, the result follows from [7, Theorem 3.6] applied to (3.1).
What needs to be verified is that there are h-independent constants τ0 and
C(γ0). The crucial element of the proof of [7, Theorem 3.6] is to choose a
parameter γ such that

max
{
∥π∗

hP̃hπh∥∞, ∥π∗
h
˙̃
Phπh∥∞

}
≤ γ. (3.4)

Lemma 3.3 enables the choice γ = γ0, which implies that the bound (3.4)
holds for all h ≤ h0. The constants also depend on ∥Sh∥L(Hh), ∥Qh∥L(Hh),
∥eτAh∥L(Hh), and ∥Ahe

τAh∥L(Hh). The first two of these terms are uniformly
bounded by Lemma 2.4, and the last two by Lemma 2.3. Thus no h-dependent
bounds are required in the derivation of the constants.

It remains to bound En
4 . This requires an additional induction argument, as

Ln
τ,h is not globally Lipschitz continuous.

Lemma 3.6. Let Assumption 1, 2 and 3 hold. If ∥π∗
hPk,hπh∥L(H) ≤ γ0 + 2 for

k = 0, . . . , n, then
En+1

4 ≤ D0

(
h2(1 + | log h|) + τ

)
for all h ≤ h0 and τ ≤ τ0. Here, D0 only depends on the parameter γ0 and the
problem data T, ∥Q∥L(H), ∥S∥L(H).

Proof. Using (2.7) to recursively express the (n + 1)th error in terms of the
errors at previous time steps gives

Pn+1,h − P̃n+1,h

= enτAh
(
P0,h − P̃0,h

)
+

n∑
k=0

e(n−k)τAhτ(GhPk,h −GhP̃k,h

)
+

n∑
k=0

e(n−k)τAh

∫ τ

0

(τ − s)
( d2

ds2
esGhPk,h − d2

ds2
esGh P̃k,h

)
ds.

Taking the norm and using Lemmas 2.3, 2.8, 2.9, 3.2, and 3.5 together with the
hypothesis ∥π∗

hPk,hπh∥L(H) ≤ γ0 + 2 results in

En+1
4 ≤ C∥AP0∥L(H)h

2(1 + | log h|) + C(γ0)τ

n∑
k=0

Ek
4 + C(γ0)τ.

Thus, the desired bound follows by applying a discrete Grönwall inequality, see
e.g. [6, Proposition 4.1].

Lemma 3.7. Let Assumption 1, 2 and 3. Then there exist constants h∗ ≤ h0

and τ∗ ≤ τ0 such that

En
4 ≤ D

(
h2(1 + | log h|) + τ

)
,

for all n = 0, . . . , N , h ≤ h∗, and τ ≤ τ∗. Here, D only depends on the
parameter γ0 and the problem data T, ∥Q∥L(H), ∥S∥L(H).
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Proof. By Lemma 3.2, we can choose h∗ ≤ h0 and τ∗ ≤ τ0 such that

∥π∗
hP̃0,hπh − P0∥L(H) ≤ D

(
h2(1 + | log h|) + τ

)
≤ 1

for all h ≤ h∗ and τ ≤ τ∗, where D ≥ D0. Let h ≤ h∗ and τ ≤ τ∗ and assume
that Ek

4 ≤ D
(
h2(1 + | log h|) + τ

)
for k = 0, . . . , n. Lemma 3.5 then gives

∥π∗
hPk,hπh∥L(H) ≤ ∥π∗

hP̃k,hπh∥L(H) + Ek
4 ≤ (γ0 + 1) + 1,

and Lemma 3.6 implies that En+1
4 ≤ D0

(
h2(1 + | log h|) + τ

)
. As E0

4 =

∥π∗
hP̃0,hπh − P0∥L(H), the sought after bound follows by induction.

Combining Theorem 2.5, Lemmas 3.4, 3.5, and 3.7 to bound each of the four
terms in (3.3) now proves the main result, Theorem 3.1.

4 Numerical experiments

We illustrate the theoretical results by applying the full discretization to a DRE
arising from a LQR problem. We use the same setup as in [7], but generalized
from 1D to 2D. Thus H = L2(Ω) with Ω = (0, 1)×(0, 1). We choose A to be the
Laplacian with periodic boundary conditions, i.e. A = ∆ and D(A) = H2

T(Ω).
With Ex =

∫
(1/2,1)×(0,1)

x, the problem is a controlled heat equation on the unit

square, where we observe the mean of the state x on one half of the domain Ω.
We let the control consist of a single input signal which scales a function on Ω.
Thus B : R → H with Bu = uξ where we let ξ ∈ H2(Ω). Then B∗v = (v, ξ)H
so that S = BB∗ : H → H satisfies Sv = BB∗v = (ξ, v)Hξ. We construct the
initial condition P0 = G∗G : H → H in a similar way, by setting G∗x = xζ,
where ζ ∈ H2(Ω). By construction, Assumption 1 is now satisfied. Since G
maps into H2(Ω), so is Assumption 2.

For the spatial discretization, we use the finite element method with piece-
wise linear basis functions φj , j = 1, . . . , Nh. Thus Hh := span

(
{φj}Nh

j=1

)
, and

the operators Ah are defined via (Ahuh, vh)Hh
= (Auh, vh)H = −(∇uh,∇vh)H

for all uh, vh ∈ Hh. We use a simple grid where Ω is first cut into equi-sized
squares which are then subdivided into triangles. With Nx squares in each
cardinal direction, we have O(N2

x) degrees of freedom in total.
Since the grid is quasi-uniform, we have the bound ∥πhx−x∥ ≤ Ch2∥Ax∥, see

e.g. [10, Inequality (5.39)]. Combined with the dense embedding of D(A) in H,
this shows that ∥πhx−x∥ → 0 as h → 0 for any x ∈ H. Inequality (2.5) follows
from e.g. [10, Theorem 5.24 and (5.25)]. Further, the inequalities (2.3) and (2.4)
can be found in [11, Proposition 4.1.2.1]. In conclusion, also Assumption 3 is
fulfilled.

As outlined in [7], the approximation Ph(t) can be represented by a matrix
P (t) ∈ RNh×Nh which solves a matrix-valued DRE

MṖM = MPA+ATPM +ETE −MPBBTPM ,
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Figure 1: The errors errτ,h plotted versus h when τ = h2. The errors converge
like O(h2) as expected.

where M is the mass matrix, A is the stiffness matrix and E and B are the
matrix representations of E and B, respectively. We get the matrix represen-
tation of Pn,h by applying the Lie splitting scheme to this equation. Here, we

choose Nx = 2k, k = 2, . . . , 7, corresponding to approximations P (t) ∈ RN2
x×N2

x

and to h = 2−k. For each Nx, we try different numbers of time steps, Nt = 2j ,
j = 1, . . . , 13, corresponding to τ = 2−j .

Since an exact solution is not available and cannot be “manufactured”
without destroying the structure of the DRE, we use the approximation with
Nx = 27 and Nt = 213 as a reference solution {P ref

n }213n=1. When comparing it to

{Pn,h}2
j

n=1, we restrict it to {P ref
2j−13n}

2j

n=1 so that the approximations are given
on the same temporal grid with 2j points. In order for the spatial grids also
agree, we extend Pn,h to Idhh Pn,h(Id

h
h)

∗, where h = 2−8 and Idhh is the injection
operator from Hh to Hh. In total, we then compute the relative discretized
∥·∥∞-errors

errτ,h =
maxn=1,...,2j∥Idh(Idhh Pn,h(Id

h
h)

∗ − P ref
2j−13n)(Idh)

∗∥L(H)

maxn=1,...,2j∥Idh P ref
2j−13n(Idh)

∗∥L(H)

when τ = 2−j .
From Theorem 3.1, we expect that errτ,h behaves as O(h2 + τ) except for

logarithmic factors. This is indeed what we observe in Figure 1. In Figure 2,
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Figure 2: The errors errτ,h plotted versus τ for different h. The errors converge
like O(τ) until stagnating due to the spatial error.

we have additionally plotted the errors against τ , with one curve for each h.
Here, we can see how the error decreases like O(τ) when the temporal errors are
dominant, but eventually stagnates at the level of the spatial error. Conversely,
Figure 3 shows how the error decreases like O(h2) until stagnating due to the
temporal error.

5 Conclusions

We have proved convergence of a full discretization of operator-valued DRE with
optimal orders, except for logarithmic factors. This behaviour is also observed
in practice when the stated assumptions are fulfilled. These are fairly mild,
in the sense that they cover all DREs arising from distributed control LQR
applications, as long as the initial condition P0 is sufficiently regular. Compared
to [7], only the assumption on the spatial discretization is new, and this covers
all standard FEM discretizations. We note that the analysis does not cover
DREs arising from boundary control applications. These result in either an
unbounded operator B or an unbounded C, or both. In either case, the DRE
solution suffers a loss of regularity, which has a direct effect on the speed of
convergence that any discretization can achieve. Simply stating such problems
properly requires a much more technical framework and as far as we are aware
there are no spatial convergence results similar to [9]. A significant amount
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Figure 3: The errors errτ,h plotted versus h for different τ . The errors converge
like O(h2) until stagnating due to the temporal error.

of preliminary work is therefore required before a rigorous analysis of a full
discretization such as the one presented here can be attempted. It is our aim to
consider this in the future.
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A The case when A does not generate an expo-
nentially stable semigroup

In this section, we assume that A satisfies all the statements in Assumption 1,
except that the generated semigroup etA is not exponentially stable. In this
case, the analyticity of etA implies that there exists a λ > 0 such that A − λI
generates an exponentially stable semigroup. We can therefore make a change
of variables in (1.1) such that the transformed equation has a A which satisfies
all of Assumption 1. In the following, we describe how this affects the DRE and
the convergence analysis.

Let P be the solution to (1.1) and define

P̄ (t) = e−2λtP (t).

Then ˙̄P (t) = −2λP̄ (t) + e−2λtṖ (t), i.e.

˙̄P (t) = Ā∗P̄ (t) + P̄ (t)Ā+ Q̄(t)− P̄ (t)S̄(t)P̄ (t),

where

Ā = A− λI,

Q̄(t) = e−2λtQ,

S̄(t) = e2λtS.

Now Ā generates an exponentially stable semigroup, and the solution P̄ has the
same regularity and positivity properties as P since the transformation consists
of multiplication by a scalar-valued positive function. For the same reason, the
time-varying terms Q̄ and S̄ do not cause issues. In particular,

∥Q̄∥∞ ≤ ∥Q∥L(H),∥∥∥∥ dj

dtj
S̄(t)

∥∥∥∥
∞

≤ (2λ)je2λT ∥S∥L(H), j = 0, 1, . . . .

By using these quantities instead of ∥Q∥L(H) and ∥S∥L(H) where necessary, the
results in [7] and the present paper carry over with minor modifications. Some
notable differences include:

• The variation of constants formula is now

˙̄P (t) = etĀP0 +

∫ t

0

e(t−s)ĀQ̄(s)ds,

which gives rise to the ∥Q̄∥∞-terms.

• The time-varying nonlinearityG(t) ∈ L(Σ(H)) defined byG(t)P = −PS̄(t)P
is locally Lipschitz-continuous uniformly in t: If ∥Pj∥L(H) ≤ ρ, j = 1, 2,
then

∥G(t)P1 −G(t)P2∥L(H) ≤ 2ρ∥S̄∥∞∥P1 − P2∥L(H).

Thus Lemma 2.12 in [7] and Lemma 2.9 in the present paper still hold.
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• The solution to the nonlinear sub-problem ˙̄P (t) = −P̄ (t)S̄(t)P̄ (t), P̄ (0) =
P0, is given by

P̄ (t) =

(
I + P0

∫ t

0

S̄(τ)dτ

)−1

P0

=

(
I +

e2λt − 1

2λ
P0S

)−1

P0.

Thus Lemma 2.11 in [7] and Lemma 2.8 in the present paper still hold.

• In [7], the S in the decomposition of the Lie-splitting rest-term R into in-
tegrals of λ1 and λ2 in Lemma 3.3 and Lemma 3.10, needs to be evaluated
at t+ r. In addition, λ2 contains the extra term

−P̄ (t+ r) ˙̄S(t+ r)P̄ (t+ r).

which becomes the extra term −P̄ (s) ˙̄S(s)P̄ (s) in f . But due to the uni-
form bound on S̄, this only marginally changes the error constants.
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