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Abstract

In recent previous work [E. Hansen, T. Stillfjord and T. Aberg, SIAM
J. Numer. Anal., to appear], we analyzed the convergence of operator
splitting methods applied to operator-valued differential Riccati equations
(DRE). In this paper, we extend these results by analyzing the conver-
gence of a full discretization based on finite elements in space and Lie
splitting in time. As far as we are aware, this is the first such analysis
for DRE. There are very few analyses of temporal discretizations of DRE
overall, and none of them have been combined with spatial discretizations.
However, it is clearly vital to know when the full discretization converges,
since this is what will be used in practical applications. Our main result
is that except for logarithmic factors, the method converges with order
one in time and order two in space, under fairly weak assumptions on the
problem data. This is illustrated by a numerical experiment based on an
application in optimal control.

1 Introduction

This paper is a continuation of the work in [7], in which the convergence of split-
ting schemes applied to operator-valued differential Riccati equations (DRE)
was studied. Here, we combine such a temporal discretization with a spatial
discretization based on finite elements and analyze the convergence of the re-
sulting full discretization.

A DRE is a semi-linear differential equation of the form

P(t) = A*P(t) + P(t)A+ Q — P(t)SP(t), te (0,T], P(0)=DP. (1.1)

Such equations play a prominent role in optimal control, where their solutions
provide the optimal feedback laws in finite-horizon linear quadratic regulator
(LQR) problems. We consider the case when the problem data A, @ and S
are all operators on a Hilbert space H, which means that also the solution
values P(t) are operators on H. This corresponds to optimal control of partial
differential equations. To approximate these solutions in practice thus requires
both a temporal and a spatial discretization.



Many different methods for DRE have been proposed in the literature. While
essentially all spatial discretizations are based on finite elements, a wide variety
of temporal discretizations have been suggested. We refer to [7] for a recent
overview. As also noted there, there are very few rigorous analyses of tempo-
ral discretizations of DRE in the literature. Spatial discretizations have been
analysed more extensively, but mostly for algebraic Riccati equations. We are
not aware of any paper which analyses a combination of temporal and spatial
discretizations for DRE.

The aim of this paper is therefore to provide a rigorous convergence analysis
of such a combination of methods. As in [7], we consider the Lie splitting scheme
in time, which iterates between approximating the solutions to the subproblems
P(t) = A*P(t) + P(t)A+ Q and P(t) = —P(t)SP(t). This can be done much
more efficiently than directly approximating the solution to (1.1). In space, we
consider a large class of discretizations that covers all standard finite element
discretizations applicable to problems of the type Az = f.

The analysis uses our temporal convergence results in [7] and the spatial
convergence results in [9] as a starting point. Let h denote the spatial dis-
cretization parameter, let 7 be the time step, and let P, j, ~ P(n7) denote the
fully discretized approximation extended to an operator on H. Then our main
result is that for all sufficiently small h and T,

1P(n7) = 73 P nnll ey < C(R*(n7) ™" + h*(1 + |log h|) + 7(1 + | log 7))

That is, away from ¢ = 0 the method is first-order convergent in time and
second-order convergent in space, except for logarithmic factors which arise due
to relatively weak assumptions on the problem. The singularity at ¢ = 0 arises
from a corresponding singularity of (1.1). We emphasize that the convergence
is measured in the operator norm ||-||z(z) for bounded operators on a Hilbert
space H. This is much stronger than the pointwise convergence of the type
|P(n7)x — P, pz| — 0 for x € H that is frequently considered, e.g. in [1].
In brief, the analysis approach is as follows:

1. We first compare the exact solution P to the spatially semi-discretized
approximation Pj, where the initial condition of the latter is a spatial
discretization of Py. The difference ||P(t) — Ppn(t)|[z(z) can be bounded
using the results in [9)].

2. Inspired by the approach in the lecture notes by Crouzeix [4], we compare
Py, to Pj, where P, is the same spatial semi-discretization of (1.1) as Py,
but with a different, carefully chosen, regularized initial condition P .

3. After proving that Jéh is uniformly bounded with respect to h, we apply
the results in [7] to Py(n7) — P, n, where P, ;, is the fully discretized DRE

approximation with initial condition Fp .

4. Finally, we bound ﬁn’h — P, 1, by following a similar procedure as to what
would be used for the corresponding vector-valued elliptic problems.



The rest of the paper is organized in the following manner. Section 2 specifies
the details of the setting which we consider, and the main consequences of the
assumptions on the problem data A, S, @ and Py. The properties of the family
of spatial discretizations which fit into our framework are stated in Section 2.1
together with important a priori bounds and convergence results. Then the
details of the temporal discretization described in [7] is reviewed in Section 2.2,
and important auxiliary results are shown to be independent of h. Section 3
contains the main result and the details of the proof which is outlined in the
previous paragraph. These theoretical results are illustrated by a numerical
experiment in Section 4, and concluding remarks are given in Section 5.

2 Setting

The setting in which we will analyze the method is the same as in [7], but
we restate the important notation here for the convenience of the reader. Let
H be a Hilbert space over C, and U, Y be two auxiliary Hilbert spaces. In
the context of LQR problems, U and Y correspond to the input and output
spaces, respectively, while H is the state space. We denote the inner product
of a generic Hilbert space X by (-,-)x and the induced norm by ||-[|x. In
both cases the subscript will be omitted if the space is clear from context.
Furthermore, £(X,Z) denotes the Banach space of linear bounded operators
from X to another Hilbert space Z, equipped with the usual operator norm.
When X = Z, this space will be denoted by £(X). The Hilbert space adjoint
of an operator V : Z — X is denoted by V* : X — Z. The subspace of £(X)
consisting of self-adjoint operators, i.e. those satisfying (Vz,y) = (z,Vy) for
all z,y € X, will be denoted by X(X). Those operators which are additionally
non-negative, i.e. where (Va,z) > 0 for all z € X, will be denoted by X+ (X).
Finally, we denote the usual supremum norm by

[Plloc = sup [[P(t)| -
te )

s

Throughout the paper, C will denote an arbitrary positive constant which may
be different from line to line. It will often depend on the problem data T,
QI 2y and [|S|| (), but for brevity we only specify its dependence on other
parameters.

We make the following standard assumptions in order to ensure the existence
of solutions to (1.1) following the framework presented in [2].

Assumption 1. There are operators B € L(U,H) and E € L(H,Y) such
that @ and S can be factorized as Q@ = E*E and S = BB*. Further, Py €
Yt (H), and the unbounded operator A : D(A) C H — H is the generator of an
exponentially stable analytic Cy-semigroup et

Remark 2.1. The assumption of exponential stability is not a constraint, since
if A is the generator of an analytic semigroup that is not exponentially stable,
then one can always find A such that the semigroup generated by A — A is



exponentially stable. While this shift alters (1.1), the changes do not lead to
substantive differences in the analysis. To simplify the exposition, we therefore
assume throughout that e*4 is exponentially stable, and outline the necessary
modifications for when it is not in Appendix A.

Next, for P € ¥(H) define the bilinear map ¢p(-,) : D(A) x D(A) — C by
@P(xay) = (P'T,Ay) + (A$7Py),

and consider the set of P such that it is bounded with respect to the norm of
H, that is

D(A) = {P € S(H) : |¢p(w,y)| < Cllz||ly] for all 2,y € D(A) }.

For such P, ¢p can be extended to an operator ¢p : H x H — C, and this gives
rise to the operator A : D(A) — X(H) defined by

(A(P)z,y) = pp(z,y) forallz,y € H.

This operator is the proper extension of the sum A*P + PA, which is not
necessarily in X(H). In particular, it holds that

A*Px + PAx = A(P)x for all x € D(A).

when P € D(A). For further details and a proof of the previous statement, we
refer to [2, Part IV]. From now on, we will be working with the equation

P(t) = AP(t)+ Q — P(t)SP(t), t€(0,T), P(0)=Py,  (2.1)

instead of (1.1). Under Assumption 1, this problem has a unique solution,
see [7] and [2, Part IV]. To guarantee sufficient regularity of this solution for
the temporal discretization to converge with the expected order, we additionally
make the following assumption, cf. [7]:

Assumption 2. P, is in the domain of A.

Furthermore, there is a semigroup e : $(H) — X(H) associated with A,
defined by

AP = et4" peth,

It is important to note that e is not (in general) strongly continuous, which
is why we do not say that it is generated by A. Nevertheless, we have the
pointwise continuity lim;_,ge*APx = Pz for any € H and the important
identity Le*P = AetAP holds for P € D(A) when t > 0. The semigroup

is also bounded in the way one would expect, as summarized in the following
theorem:

Theorem 2.1. Let A be the generator of an exponentially stable analytic semi-
group. Then there exists a wy < 0 such that

e ey < Ce®t, t>0,

wgt

t )

||AetA||L(H) < t>0.



Similarly, with A defined as above and M € L(H),

[e"AM ||y < C* | M| gy, t >0,

2wt

t

Ce
| A M | £ ey < M|l ey, t>0.
Proof. This follows directly from standard results on analytic semigroups in the
same way as Lemma 2.5 in [7]. O

Remark 2.2. The bounds in Theorem 2.1 will be used in Lemma 2.6 and 2.7
with wy < 0 to ensure that A and its approximations have suitable properties.
In the rest of the paper, we typically use the slightly weaker bounds that arise
from replacing wg by 0.

2.1 Spatial discretization

We assume that we have a family of finite dimensional subspaces H, C H
depending on a discretization parameter h > 0, with ||u| g, = ||7ju| g for any
u in Hp. Here, the operator mp, : H — Hp, denotes the H-orthogonal projection
onto Hy and 7} : Hp — H is the isometric injection operator. We note that
given an operator P, € L(H}), the natural extension to an operator in L(H) is
given by 7} Ppmp,, and it holds that

|7mh Prrnlleery = 1Pl ccan)- (2.2)

Furthermore, we have a family of operators A, : Hp, — Hy, which serve as
approximations of the operator A.

Following [11, Chapter 4],we assume that the approximating spaces and
operators fulfill the following bounds:

Assumption 3. Let A fulfill the assumptions given in Assumption 1 and let
ho > 0. The following holds for all h < hg. First, the approximating spaces Hy
have the property that ||z — wpx|| — 0 as h — 0 for all x € H. Furthermore,
Ap, € L(Hy) satisfies

Imhe 4l oy < Cet,  £>0, (2.3)
ewgt

t )

||7T;kLAhetAh7Th||L(H) <C t>0. (24)

Finally, the operator Ay approximates A in the sense that
HA_I — W;A;Llﬂ'h”/;(H) S Ch2 (25)

Remark 2.3. We note that A~! exists as an operator in £(H) by virtue of
A being the generator of an exponentially stable analytic semigroup. In par-
ticular, let p < wp. Then A + plI generates an analytic semigroup. By the
characterization of analytic semigroups, see e.g. [12, Theorem 12.31], it follows
that (A — (A + pI))~! € L(H) for any A > 0. Choosing A\ = p proves the
assertion. That A;l exists is part of Assumption 3.



Remark 2.4. The inequalities (2.3) and (2.4) are analogous to Assumption
A.1 in Section 4.1.2.1 of [11]. We note that the wy in this assumption is not the
same parameter as our wg. The difference is that Assumption A.1 is formulated
for possibly unstable A, while we assume that A generates an exponentially
stable semigroup. The former case can be converted into the latter by a shift
A — A — A as described in Appendix A. This is also used in [11], where the
shifted operator is denoted —A.

Remark 2.5. The restriction h < hg will be enforced throughout the paper,
but the choice of hg is arbitrary and it has a minor effect on the error constants.
It could therefore, e.g., be chosen as the diameter of the computational domain.

A main consequence of these assumptions on A and Ay is that we can also
bound the corresponding solution operators in a similar way:

Lemma 2.2 ([11, Proposition 4.1.2.1 (i)]). Under Assumption 1 and Assump-
tion 3,

2

tAp wothi

||7r,’;e 7Th—etAH£(H) SCG
fort > 0.

As in Remark 2.2, the bounds on the exponentials in (2.3) will typically be
used in the weaker form which arises from replacing wqy by 0, i.e., ignoring the
decay when t > 0.

We define .Ah : ﬁ(Hh) — [:(Hh) by

AhUh = AZUh + UhAh7
which induces the semigroup eA» : L(Hy) — L(H)},) given by
etA” U, = etA;‘L UhetA;L )

For these operators, the bounds of Assumption 3 can be directly extended to
yield the following analogue of Theorem 2.1:

Lemma 2.3. Let Assumption 1 and 3 hold. Then for any My, € L(H},),
e Myl ey < CCH Myl e, >0,

2UJOt

t

Furthermore, we approximate the operators S and @ by their projections S, €
L(Hp) and Qp, € L(Hy), defined by

| Ane™ " M| £ a1,y <

[Millzs > 0.

ShZTFhSﬂ'Z, QhZTFhQW;;.

Lemma 2.4. Let Assumtion 1 hold, then the operators Sy and Qy, are both in
YT (Hy), and

ISkl ccerny < 1SN ceays
1Qull 2,y < NQl -



Proof. The first assertion follows from the fact that
(mpSmpx,x)g = (Smpx,mpx) g for all x € Hp,
and similarly for Q1. The second follows from (|74 z(m,m,) = 1. O

We will then consider the (spatially) semi-discretized Riccati equation given
by

Py(t) = ApPy(t) + Qn — Pu(t)SuPy(t), t € (0,7,

. (2.6)
Ph(()) = mp Pymy,,

for Py (t) € T (Hy). For this problem there exist several convergence results.
As far as the authors are aware, the following is the most sharp:

Theorem 2.5 ([9, Theorem 3.1]). Let Assumptions 1 and 3 hold. Then the
spatial error is bounded by

|P(t) — 75 Pu(t)mhll ooy < ChP (™" + [log hl).

Remark 2.6. While the term ¢! is unfortunate, it reflects the typical be-
haviour of the exact solution P of (2.1) near ¢t = 0. It is unclear whether this
term can be removed by imposing regularity constraints on Py (such as Assump-
tion 2), because the proof strategy in [9] is based on the connection between
Riccati equations and LQR problems rather than the direct approach consid-
ered here. We note that the singularity is avoided in [3], but at the price of
working in the setting of compact linear operators. This severely restricts the
applicability of the results.

The term logh is removable under further assumptions on Py, U and the
spaces Hy}, see [8]. But since its influence is marginal, we chose to include it in
order to improve both the applicability of the results and the readability of the
analysis.

The approximation properties have been given in terms of A and Ay, but we
are interested in working with the operators A and A;, instead. The following
two results show that the bound given by (2.5) can be extended to the operators
A and Aj,. By the idea in [5, Theorem 4.1.3], we obtain the first result.

Lemma 2.6. Let Assumptions 1 and 3. The operators A : D(A) — X(H)
and Ay, : X(Hyp) — X(Hy) are both invertible, independent of h. Furthermore,
AL S(H) — S(H) and A} 2 S(Hy) — S(Hy) are bounded.

Proof. Consider first A. For an arbitrary M € X(H) we define P by
o0 *
Pz = / s Me*Azds
0

for any z € H. This is well-defined, since by Theorem 2.1 the norm of the
integrand is bounded by C2e?*0%||M]||||z||. Since e54” Me*4 is also symmetric,
P e X(H).



Now take z,y € D(A). We have

x, Ay) + (Ax, Py) = e*esx,ys—i— x,es*esys

Pz, A Az, P A" Mes4z, Ay)d Az, ™ Me*ty)d
0 0

:/ (eSAx,MeSAAy)der/ (e4 Az, Me*y) ds
0 0

p— —_— s S d'
/0 (e, Mey) ds

Since the integrand satisfies

d
|5t terty)| < 20 arias vl
it is integrable on [0, 00), and we get

ds

(o)
(P2, Ay) + (Az, Py) = | (42, Me*y)| * = ~(z. My),
since %4z — 0 as s — oo for any z. Hence

QDP(aj?y) = _(any>

is continuous, so P € D(A) and AP = —M. Since the choice of M was arbitrary,
A is surjective. To see that A is also injective, take Py, P» € D(A) and assume
that A(Py) = A(P), i.e.

op (2,y) — op,(7,y) =0 for all z,y € H.
This implies that

(Az, (Py — Po)y) + (P — Po)z, Ay) =0 for all z,y € D(A).

A

If 20,0 € D(A) then both the particular choices = e'zy and y = e*yq

belong to D(A) for any t > 0, so we find that
0= (AetAl‘o, (Pl - Pg)etAyo) + ((Pl — Pg)etAl‘o, AetAyo)

d
= &( HAzo, (Py — Py)etyp).

Thus t — (e*zg, (Py — Py)et4yq) is constant. But both e*4zy and e*4yy tend
to 0 as t — oo, since et is exponentially stable. Thus the constant must be 0.
In particular with ¢ = 0,

0= (xg, (PL — P2)yo), for all zg,y0 € D(A).
Since D(A) is dense in H, this means that P; = P, and thus A is invertible.
That A~! is bounded follows directly from

sup AT M)z = sup
M|l z(y=1 [[M||zay=1

oo
< sup / C’2e2“°s||MHl;(H) ds.
M|l zzy=1J0

oo
—/ A" Me*t ds
0

L(H)



By Assumption 3, specifically (2.3), the above arguments are also valid if .4
and H are replaced by Aj;, and Hp,. O

Lemma 2.7. Let Assumptions 1 and 3. Then there exists a constant C, such
that

JAH M) — 7 A (e M) mn |l ey < ClM | 2nh®(1 + |log h).

Proof. By the proof of Lemma 2.6 we have that for any z € H

AN M)z = —/ A" Me*Az ds,
0

and similarly,
o0 *
T A (M )Tz = —/ mies A, MnyesAhm, 2 ds.
0
Thus
AN M)z — 7 A (o My ) o, 2

o0
=— / (eSA - w;eSAhwh) Me*Az + w;eSAhﬂhM(eSAz - w;eSAhwhz) ds
0

: /000 I(s)zds.

2
We split the integral into two parts, I (z) = foh I(s)zdsand I(z) = [,5 I(s)zds.
By Theorem 2.1 and Assumption 3 both exponentials are uniformly bounded,
so [|[I1(2)|| < CR?||M||z(m)l|2]]. By Lemma 2.2, we further get

e h? . h?
I < [ Ce*o s |MeAa] + mie i mu M| ey e - 2] ds
h2

2 > 1
< CR M| eqm] [ | o2 ds
h2 S

1 0o
1
<crMleanllall( [, gast [ e as)
h 1

2 S

so that ||I3(2)]] < Ch(1 + |log h|)||M||z(m)lz]|. Combining the bounds on I
and I3 and taking the supremum over z with ||z|| = 1 proves the result. O

2.2 Full discretization

In order to arrive at a full discretization of the DRE, we now discretize (2.6)
in time using the Lie operator splitting scheme. We formulate it using the
operators Fy, Gy : L(H}p,) — L(Hp), which are defined by

Fth = .Ath + Qh and

Gth = 7MhSth.



These are analogous to the operators F' and G in [7] for the spatially non-
discretized case. They give rise to the subproblems

My, = FyMy, My(0) = Mo,
My, = GpMy,  My(0) = Mo,
whose solutions we denote by
etF"MOJL and etGh'MOJL,

respectively, for any My, € 57 (Hy).

The following auxiliary lemmas correspond to Lemma 2.11 and Lemma 2.12
in [7] and follow directly from applying these results to (2.6) and using the
uniform bounds on S; and @j, in Lemma 2.4.

Lemma 2.8. Let Assumption 1 hold and My, € S+ (Hy). Then etSn My ), =
(I+t8,Mop)~ Mo, defined on [0,T), fulfills

||t — etGhM()’h

oo < (1+Tpl|Slzcmry) ps

for all My, such that ||[Mopn|lzcm,) < p. Additionally, the derivatives of this
Sfunction fulfill

dJ
Hdtj (t etGhMM)
forj=1,....

Lemma 2.9. Let My, May, € L(Hp) both fulfill || M;nlcm,y < pii = 1,2.
Then

),

<GSy (1 + Tl S o

‘ oo

IGhMu1 — GuMu 2o,y < 20081 l|Mng — Mp2ll2(a,)-

We consider a uniform temporal grid with step size 7, such that T =
N7. The fully discretized scheme is then defined by P, =~ Pp(nt) where
7} Pr(nT)m, = P(nT) and

Pon =Ly Pon,  Pon=Pr(0),

with

»Ch .= eTFhe‘rGh

For a generic initial condition My € X1 (H},), the application of the operator
Ly, - can be formulated in the following way:

-
ﬁh,‘rMO,h = eT'AhMO’h + / e(Tis)'Ath ds + TeT'AhGhMO’h
0

T d2
+ / (r— s)e”‘h@esc’bMQh ds (27)
0

=: Lo n,+(Mon) + Lihr + Lop-(Mon) + L3 (Mo,n)-

This expansion will be used in the analysis in the next section.

10



3 Full space-time convergence analysis

Our main result, which will be proved in the rest of this section, is:
Theorem 3.1. Let Assumption 1, 2 and 3 be fulfilled. Then it holds that
[P(n7) = 7 Paprnll ey < C (R (nr) ™" + h*(1 + |log hl) + 7(1 + |log 7))

for sufficiently small h and 7. The error constant C only depends on hg, T,
1Pollzcay: APl 2y 1@l ey, and |[Slz o) -

Consider again the spatially semi-discretized DRE (2.6). To directly apply
the temporal convergence results in [7] to this equation, we would have to bound
the derivative P, over (0,T], uniformly in h. This is unfortunately not straight-
forward, since ||An|z(m,) — o0 as h — 0 and P, (t) approaches Ay, (my, Pyr)
when ¢t — 0. For this reason, we introduce the regularized initial condition

Poj = A; N (mp APory)
together with the auxiliary equation
Pu(t) = AnPu(t) + Qn — Pu())SuPu(t), ¢ € (0,7), (31)
Py(0) = Po,

where ﬁh(t) € ¥T(Hyp). Analogously to the full discretization P, j, we also
define the auxiliary discretization P, j by

Poy =L Pop
The initial value ﬁo,h is close to Py p, as shown in the next lemma.
Lemma 3.2. Let Assumption 1, 2 and 3 hold. Then
17 Ponen — 74 Poamnll ey < CllARo|| ceyh® (1 + | log h).

Proof. First note that both P, ; and ﬁo,h are elements of L(Hp), and that w7}
is the identity operator on Hj,. Thus,

Pon — ﬁoﬁ = (PO - W;‘L.A;l (W}LAP()?T;;)W;L)W;*L.
Since Py € D(A) we may write Py = A~(AP,) and therefore
175, Po e — 74 Po.wn| oy
= 1Po.n = Ponllecan)

< \Imnll e, AT (AP) = mp Ay (mn APom ) wall o il 2 o 1)
< C|| APy | ccnyh® (1 + [log hl),

where we have used the identity (2.2), Lemma 2.7, with M = APy, and the fact
that (|mallccm,m,) = 173l e, m) = 1. O

11



We also have the following uniform bounds with respect to h.
Lemma 3.3. Let Assumption 1, 2 and 3 hold. Then there ezists a parame-
ter vo > 0 such that

max{ || 7, Puh| oo, 175 Parth oo, 175 Prralloo < Y0 (3.2)

for all h < hg. Here, vo = Yo(ho, [|Pollz(a)» APl 2y T |Ql . arys 11 2ry) -

Proof. By the same proof as in [2, Lemmas 1V.1.2.2-1.2.3, Theorem IV.1.2.1],
applied to the finite dimensional problems (2.6) and (3.1), respectively, we have
that |7} Phh||o, |7 P ||so can be bounded in terms of T, || Q|| z(a,) > 1Sl (a1,

and ||P0,h||£(Hh)7||P0,h||£(Hh)- The terms HQ”E(Hh)v”‘Snﬁ(Hh) are uniformly
bounded with respect to h by Lemma 2.4, ||Ponllzm,) < |Pollzm), by con-
struction, and Lemma 3.2 gives

1Ponll et = I Pormallccmy < I1Polleery + ChE(L + |log hol )| AP | £ (r)-

Hence, the P, and ]3h terms in (3.2) are uniformly bounded with respect to h.
Let V}, = ﬁh. As Ahﬁoﬁ = mp, APy}, one has that

Vi(t) = ApVi(t) = Vi (£)ShPa(t) — Pu(t)ShVa(t), te€ (0,T),
Vh(O) = WhAPOTFZ +Qpn — ﬁO,hShﬁO,h-
By the variation of constants formula we can represent this as

Vi(t) = 7V, (0) + /0 t =4 (P, (5)SLV (s) + V(s)Sy P(s)) ds.

Taking the norm results in

Vi@l () < et

e IVa(O)ll 2

t
+ 2/0 [jeAn (=) I ey 1SN cceny 17 Prrnlloo VR (8) | 271,y ds

t
< ClVa0)llz(my) +CH5||L(H)||7TZPh7ThHoo/O Vel 2(m,) ds
< C(IAPs | ccary + ISl ccen s Pormn |2 oy + 1Q 2 any)
t
+C||S||L(H)||W2Ph7fh||oo/0 IVa (@)l 2(r,) ds-

The continuous Gronwall’s inequality, see e.g. [6, Proposition 2.1], then yields
that

i P&l ey = Vi)l ecmny < ClIms Ponll eI leon TImiFamdls,

As the right-hand-side does not depend on ¢ and the terms Hﬂ‘;;ﬁo,hﬂ—hHL(H),
|7} Py |loo are uniformly bounded with respect to h, we have also derived a

uniform bound for ||} Py oc- O

12



Remark 3.1. The value vy defined in Lemma 3.3 will be used throughout the
rest of the analysis without further reference to the lemma.

We can now rewrite the full error in the following way:
|1 P(n7) — 7, Papmall ey < 1P(n7) — 4 P (n7)mall o)
+ |75 (Pa(nT) = Pu(n7)) mall £y
+ HTF;;(P}L(RT) _Pn,h)ﬂ—hHL(H) (33)

+ 75 (Pah = Pap)mll oo
— B+ B + B} + B

This formalises the outline of the analysis given in Section 1; the i-th item in
the list corresponds to E*. The first term E7 is directly bounded in terms of h
by Theorem 2.5. The following lemmas bound the remaining terms.

Lemma 3.4. Let Assumption 1, 2 and 3 be fulfilled. Then
By < C(vo, [ APl 2ary) B*(1 + [log h])
foralln=0,...,N, and h < hyg.
Proof. The operator Wy, = P, — ﬁh fulfills the equation
Wi = AaWi, — PuSu Py + PuSuPr = AsWi — Wi Sp P — PoSp Wi, t € (0,7,
Wi(0) = Pop, — ﬁo,m

and we have the representation

Wi (t) = e (Poy — Pop) — /0 =94 (W), (5)S), P (5) — Pa(s)SuWi(s))ds.

By Lemmas 2.3, 3.2 and 3.3 we have the bound

t
W30 ey < CILAPo|enb(1+ 1oghl) + Cloo) [ IWa(s) e s
0

The continuous Gronwall’s inequality once again implies that
177, (Pu(8)=Pa(®) wnll ey = IWa(B)ll a1,y < ClAPol|(aryh® (14| Tog o] )e© o)™
for all ¢ € [0,T], and the desired bound follows. O

Lemma 3.5. Let Assumption 1, 2, and 3 hold. Then there exist a constant
T0 > 0, such that

|75 Pl oy <70 +1 and  Ey < C(yo)7(1+ |log7|)

foralln=0,...,N, h < hg, and T < 19. Here, 79 depends on the parameter -y
and the problem data T, ||Ql| z(#ry, || ccary-

13



Proof. For a fixed h, the result follows from [7, Theorem 3.6] applied to (3.1).
What needs to be verified is that there are h-independent constants 79 and
C(v0). The crucial element of the proof of [7, Theorem 3.6] is to choose a
parameter v such that

max{ |75 Puma | oo, 175 Prtalloo } < 7. (3.4)

Lemma 3.3 enables the choice v = =g, which implies that the bound (3.4)
holds for all h < hg. The constants also depend on ||Sy|lz(m,)s [1Qnrllz(m,)
€™ 2(a,), and || Ape™ " ||z, ). The first two of these terms are uniformly
bounded by Lemma 2.4, and the last two by Lemma 2.3. Thus no h-dependent
bounds are required in the derivation of the constants. O

It remains to bound EY. This requires an additional induction argument, as
L2}, 1s not globally Lipschitz continuous.

Lemma 3.6. Let Assumption 1, 2 and 3 hold. If |7} Py nmn|| 2oy < 7o + 2 for
k=20,...,n, then

Eptt < Do(h*(1+|logh|) +7)
for all h < hg and 7 < 79. Here, Dy only depends on the parameter vy and the
problem data T (|Q|| zrr), |5l 2(r)-

Proof. Using (2.7) to recursively express the (n + 1)th error in terms of the
errors at previous time steps gives

Pn—i—l,h - Pn-i—l,h

n
— o AR (PO,h _ ﬁO,h) + Z e("_k)T'AhT(Gth,h — Ghﬁk,h)
k=0
2

n B T d2 X d ; >
+ Ze(n k)T Ap /; (7— _ S)(@e‘schpk,h — @QSG’LPk,h) ds.
k=0

Taking the norm and using Lemmas 2.3, 2.8, 2.9, 3.2, and 3.5 together with the
hypothesis ||77 Px,n7h|l )y < Yo + 2 results in

Ejt < C|lAP| ¢ayh® (1 + log b|) + C(W’O)TZEz]f + C(0)T
k=0

Thus, the desired bound follows by applying a discrete Gronwall inequality, see
e.g. [6, Proposition 4.1]. O

Lemma 3.7. Let Assumption 1, 2 and 3. Then there exist constants h* < hg
and 7™ < 19 such that

Ep < D(h*(1+|logh|) + ),
for alln = 0,...,N, h < h*, and 7 < 7*. Here, D only depends on the
parameter o and the problem data T ||Q|| £y, ||S] £ (#r)-
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Proof. By Lemma 3.2, we can choose h* < hg and 7" < 7y such that
I Pon = Polleginy < D(R3(1+ [log )+ 7) <1

for all h < h* and 7 < 7*, where D > Dgy. Let h < h* and 7 < 7" and assume
that Ef < D(h?(1+ |loghl|)+7) for k=0,...,n. Lemma 3.5 then gives

|75 Pennllccery < oy Posmnll ey + Ef < (0 +1) + 1,

and Lemma 3.6 implies that E;™" < Dg(h*(1 + |logh|) + 7). As EY =
||7r;1301h7rh — Po|| (), the sought after bound follows by induction. O

Combining Theorem 2.5, Lemmas 3.4, 3.5, and 3.7 to bound each of the four
terms in (3.3) now proves the main result, Theorem 3.1.

4 Numerical experiments

We illustrate the theoretical results by applying the full discretization to a DRE
arising from a LQR problem. We use the same setup as in [7], but generalized
from 1D to 2D. Thus H = L?() with Q = (0,1) x (0,1). We choose A to be the
Laplacian with periodic boundary conditions, i.e. A = A and D(A) = HZ(Q).
With Fzx = f(1/2,1)x(0,1) x, the problem is a controlled heat equation on the unit
square, where we observe the mean of the state x on one half of the domain ).
We let the control consist of a single input signal which scales a function on €.
Thus B : R — H with Bu = uf where we let £ € H?(Q). Then B*v = (v,&)n
so that S = BB* : H — H satisfies Sv = BB*v = (§,v)g€. We construct the
initial condition Py = G*G : H — H in a similar way, by setting G*x = x(,
where ¢ € H?(2). By construction, Assumption 1 is now satisfied. Since G
maps into H?(£2), so is Assumption 2.

For the spatial discretization, we use the finite element method with piece-
wise linear basis functions ¢;, j = 1,..., Ns. Thus Hj, := span ({goj}j-v:hl), and
the operators Ay, are defined via (Apun,vp)m, = (Aup,vp)g = —(Vup, Vop) i
for all up, vy, € Hp. We use a simple grid where 2 is first cut into equi-sized
squares which are then subdivided into triangles. With N, squares in each
cardinal direction, we have O(N2) degrees of freedom in total.

Since the grid is quasi-uniform, we have the bound ||z —x|| < Ch?| Az]|, see
e.g. [10, Inequality (5.39)]. Combined with the dense embedding of D(A) in H,
this shows that |7z — z|| — 0 as h — 0 for any « € H. Inequality (2.5) follows
from e.g. [10, Theorem 5.24 and (5.25)]. Further, the inequalities (2.3) and (2.4)
can be found in [11, Proposition 4.1.2.1]. In conclusion, also Assumption 3 is
fulfilled.

As outlined in [7], the approximation Pj(t) can be represented by a matrix
P(t) € RN»*Nn which solves a matrix-valued DRE

MPM = MPA+ ATPM + ETE - MPBB"PM,
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Order plot

w1 =h
—O(h?)| ]
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102 10
h

10

Figure 1: The errors err, ;, plotted versus h when 7 = h%. The errors converge
like O(h?) as expected.

where M is the mass matrix, A is the stiffness matrix and E and B are the
matrix representations of £ and B, respectively. We get the matrix represen-
tation of P, ; by applying the Lie splitting scheme to this equation. Here, we
choose N, = 2¥ k =2,...,7, corresponding to approximations P(t) € RNz xN;
and to h = 27%. For each N,, we try different numbers of time steps, N; = 27,
j=1,...,13, corresponding to 7 = 277,

Since an exact solution is not available and cannot be “manufactured”
without destroying the structure of the DRE, we use the approximation with
N, =27 and N; = 2! as a reference solution {Pflef}iil. When comparing it to
{P,n}2_,, we restrict it to {Pif,; }2_ | so that the approximations are given
on the same temporal grid with 27 points. In order for the spatial grids also
agree, we extend P, j, to Idz P,Lh(IdZ)*7 where h = 278 and Idz is the injection
operator from Hj to Hy. In total, we then compute the relative discretized

I || co-errors
oxp,, — D=t [1dy (1) P (1d})" = Pi5ts ) (Idy)* oo
i maXn:L...72j ||Idh PQr;‘eElSn(Idh)*”[,(H)

when 7 =277,
From Theorem 3.1, we expect that err;; behaves as O(h? + 7) except for
logarithmic factors. This is indeed what we observe in Figure 1. In Figure 2,
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Figure 2: The errors err, j, plotted versus 7 for different h. The errors converge
like O(7) until stagnating due to the spatial error.

we have additionally plotted the errors against 7, with one curve for each h.
Here, we can see how the error decreases like O(7) when the temporal errors are
dominant, but eventually stagnates at the level of the spatial error. Conversely,
Figure 3 shows how the error decreases like O(h?) until stagnating due to the
temporal error.

5 Conclusions

We have proved convergence of a full discretization of operator-valued DRE with
optimal orders, except for logarithmic factors. This behaviour is also observed
in practice when the stated assumptions are fulfilled. These are fairly mild,
in the sense that they cover all DREs arising from distributed control LQR
applications, as long as the initial condition P, is sufficiently regular. Compared
to [7], only the assumption on the spatial discretization is new, and this covers
all standard FEM discretizations. We note that the analysis does not cover
DREs arising from boundary control applications. These result in either an
unbounded operator B or an unbounded C, or both. In either case, the DRE
solution suffers a loss of regularity, which has a direct effect on the speed of
convergence that any discretization can achieve. Simply stating such problems
properly requires a much more technical framework and as far as we are aware
there are no spatial convergence results similar to [9]. A significant amount
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Figure 3: The errors err, j, plotted versus h for different 7. The errors converge
like O(h?) until stagnating due to the temporal error.

of preliminary work is therefore required before a rigorous analysis of a full
discretization such as the one presented here can be attempted. It is our aim to
consider this in the future.
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A The case when A does not generate an expo-
nentially stable semigroup

In this section, we assume that A satisfies all the statements in Assumption 1,
except that the generated semigroup et/ is not exponentially stable. In this
case, the analyticity of ' implies that there exists a A > 0 such that A — \I
generates an exponentially stable semigroup. We can therefore make a change
of variables in (1.1) such that the transformed equation has a A which satisfies
all of Assumption 1. In the following, we describe how this affects the DRE and
the convergence analysis.
Let P be the solution to (1.1) and define

P(t) = e 2MP(t).

Then P(t) = —2AP(t) + e 2MP(1), i.e.

where
A=A— )\,
Q) =e*Q,
S(t) = e*M§.

Now A generates an exponentially stable semigroup, and the solution P has the
same regularity and positivity properties as P since the transformation consists
of multiplication by a scalar-valued positive function. For the same reason, the
time-varying terms @ and S do not cause issues. In particular,

1Qlloc < 1@l ()
di _
|5550] < VTS, 5=01...
By using these quantities instead of ||Q||z(x) and ||S|| £y Where necessary, the
results in [7] and the present paper carry over with minor modifications. Some
notable differences include:

e The variation of constants formula is now
. — t -
P(t) =P, +/ e=)4Q(s)ds,
0
which gives rise to the [|Q[|so-terms.

e The time-varying nonlinearity G(t) € £(X(H)) defined by G(t)P = —PS(t)P
is locally Lipschitz-continuous uniformly in ¢: If [|Pj|zmy) < p, j = 1,2,
then -

IG(t) P — G(t) Pl ey < 20150l Pr — P2l ()

Thus Lemma 2.12 in [7] and Lemma 2.9 in the present paper still hold.
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e The solution to the nonlinear sub-problem P(t) = —P)S(t)P(t), P(0) =
Py, is given by

1
P
1

Pt) = (I + R /O t S(T)dT)
2\t

et —1 h
<I+ ) POS> P.

Thus Lemma 2.11 in [7] and Lemma 2.8 in the present paper still hold.

e In [7], the S in the decomposition of the Lie-splitting rest-term R into in-
tegrals of A\; and Ao in Lemma 3.3 and Lemma 3.10, needs to be evaluated
at t +r. In addition, Ay contains the extra term

—P(t+7)S({t+7r)P(t+r).

which becomes the extra term —P(s)g(s)P(s) in f. But due to the uni-
form bound on S, this only marginally changes the error constants.
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