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1 Introduction

Consider the degenerate elliptic-parabolic problem

3,(yw) = V- al(t, V) + B(r,) + £(1) =0 in @ x (0,7),
o(t,Vu)-n=0 ondQ x (0,7), (D
yu(0) =0 in Q,

where Q € R is a bounded Lipschitz domain with the boundary 9, and n de-
notes the unit outward normal vector of dQ2. Here, ¥ is a nonnegative function and
o(t,Vu) may vanish for nonzero values of Vu. That is, for subsets of 2, where
¥(x) = 0 the equation switches from parabolic to elliptic. Furthermore, in contrast
to linear parabolic problems, the degeneracy feature that & may be zero for nonzero
arguments describes a diffusion process with finite speed of propagation. A survey
of applications involving degenerate elliptic-parabolic equations can be found in [[15}
Chapters 8 and 12]. We consider a homogeneous initial condition for the sake of
simplicity. For the non-homogeneous case, see [[16, Chapter 3] for details.

As these equations are both nonlinear and require implicit time discretizations,
they are numerically challenging and require large-scale computations. A common
approach to facilitate such computations is to employ domain decomposition meth-
ods, which enable parallel implementations. In the context of elliptic equations, a
domain decomposition method consists of first decomposing the equation’s domain
into subdomains. Thereafter, the method solves the elliptic equation on each subdo-
main and communicates the results via the overlaps, or boundaries, of the adjacent
subdomains. The classical application of these methods to parabolic equations is to
first apply a time integrator and thereafter apply domain decomposition to the elliptic
problems arising at each time step. For a general introduction, we refer to [14,20].
Domain decomposition methods can also be directly incorporated into time integra-
tors by interpreting the decomposition procedure as a splitting scheme, see, e.g., [4}
L1L21].

Combining domain decomposition with time integration allows for paralleliza-
tion in space, but inherently prevents parallel implementations in time. To remedy
this, one can consider Schwarz waveform relaxation (SWR) methods, where the full
space-time domain is decomposed. These space-time decomposition methods have
been proposed in the contexts of parallel time integrators; surveyed in [9]], space-time
finite elements; surveyed in [[17]], and parabolic problems with a spatial domain given
by a union of domains with very different material properties [2]. There are several
studies concerning the convergence and other theoretical aspects of space-time de-
composition methods applied to non-degenerate parabolic equations, see, e.g., [6l7}
8lILO].

However, results for SWR methods are lacking from the literature when consid-
ering more general degenerate parabolic equations. This absence of numerical results
is likely explained as follows. The standard convergence analysis for SWR methods
applied to linear equations [14] relies on interpreting the method as a projection
procedure, which is not applicable for nonlinear equations. For degenerate elliptic
equations, i.e., with ¥ = 0, one can derive convergence analyses by relying on
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the coercivity of the degenerate elliptic operator [S,[18]]. This property is lost for de-
generate parabolic equations, as the operator u — d,(yu) is just monotone and not
necessarily coercive. Hence, if one is to introduce approximation schemes similar to
the SWR methods for degenerate parabolic equations, or even degenerate elliptic-
parabolic equations, then a more general framework is needed.

The goal of our study is therefore to introduce a new family of domain decom-
position schemes that have similar properties to the SWR methods and prove their
convergence when applied to degenerate elliptic-parabolic equations. To achieve this,
we will derive the new schemes in and cast them into an abstract Cauchy
framework based on monotone operators in The convergence can then be
proven in the abstract elliptic framework of [13l[19], as done in We derive
in how degenerate elliptic-parabolic equations with a p-structure can be
incorporated into our abstract Cauchy framework. The analysis presented here is re-
stricted to the continuous case, and the design of a parallel space-time finite element
method based on the new Schwarz-like methods will be considered elsewhere.

2 Constructing Schwarz-like schemes

We will derive a family of approximation schemes that are Schwarz-like in the sense
that they decompose the space-time domain Q x (0, T) into overlapping subdomains.
To this end, consider a collection of subsets {£2,}7_, that satisfies UJ_, 2, = Q.
Each subset 2y is either a Lipschitz domain, or a union of pairwise disjoint Lips-
chitz domains {2, j};’:l such that U’,_; € ; = €. Over the subdomain {.Qg}zzl we
introduce a partition of unity {x¢}7_,, where the weights satisfy

q
xe(x)>0ae.x€Q), x(x)=0aexecQ\Q, and Y x =1
=1

Given four partition of unities (7, x/ﬁ , xZ , x[f ) over {_Qg}zzl, we can formally de-
compose our degenerate elliptic-parabolic equation (I)) as

O (yu) =V -a(t,Vu)+ B(t,u) + f(t)

q
=Y 0 (x)yu) = V- xFat, Vu) + 2P B(e,u) + 2] £(2)
=1

‘ 2

q
=Y Fu=0.
(=1

Here, each term .%u is a function with support in the space-time domain 2, x (0, 7).
With the formulation (2), we can derive approximation schemes in the same way as
done in [19] for elliptic equations. That is, we introduce a pseudo-time & € [0, o) and
the corresponding evolution equation

q
iv+ Y Zw=0, v(0)given. (3)
A
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If the maps .% fulfill some form of monotonicity property, we obtain that v(€) — u
as & — o. Hence, we can approximate u by applying a standard time integrator of
splitting type to (3) and then time step towards infinity.

For the special case g = 2, we can employ the Peaceman—Rachford time inte-
grator in the above approach. This gives an approximation scheme of the form: find
{u!},u5},en such that

{(sl—l—ﬁl)u'ﬁl = (s — F)us, @

(sI+ Fo)uly ™ = (sI — Fp)u ™,

where ug is an initial guess and u} is an approximation of u in £, x (0,T). Here,

the method parameter s > 0 can be interpreted as 1/, with T denoting the pseudo-
time step. If we apply the same procedure to the Douglas—Rachford method, then the
corresponding approximation scheme reads

(sI+F)ul ™ = (sI — ) u,
(sI+ F)uls™ = sul ™+ Fouls.

®)

These methods are suitable in this context as they preserve the equilibrium of the
pseudo-time problem. In the general case g > 2, we can use the additive splitting
method to obtain the approximation scheme

(SH—LQ})MZ+1 =su" forl=1,...,q,

-+ 1 -+
n+1 n+1

)

15

where " is an approximation of u in Q x (0,7). While this method does not neces-
sarily preserve the equilibrium of the equation, it is straightforward to parallelize the
additive splitting method.

One can of course create many other approximation schemes by choosing other
splitting integrators. However, we will focus on () to (6), as they already have quite
different convergence properties and require different tailored convergence proofs.
Note that it is of little use to consider higher-order splitting methods, as degenerate
elliptic-parabolic equations typically have solutions of low regularity.

3 Preliminaries

In the following analysis, for a real Banach space V, we denote its dual space by
V*. When inserting an element v € V into u € V*, we use the notation for the dual
pairing u(v) = (u,v)y=xy. In the case that there exists a Hilbert space H such that V
is densely embedded into H then we have a Gelfand triplet setting V <— H — V* and
(u,v)yexy = (u,v)y foruc Hyvev.

Let G: V — V* be a possibly nonlinear operator. We call G bounded if it maps
bounded sets in V into bounded sets in V*. If there exists a function k: V — [0,0)
such that

(Gu—Gvyu—v)y«xy > k(u—v) forallu,veV,
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then the operator G is referred to as k-monotone. If k = 0, then G is just monotone. The
operator G is hemicontinuous if € — (G(u+ €v),w)y=y is continuous for € € [0, 1]
and all u,v,w € V. The operator G is coercive if (Gu,u)y+xy — oo as |[ully — oo. We
call G symmetric if (Gu,v)y+xy = (Gv,u)y=xy forall u,v € V.

Additionally, for some statements, we consider G as a possibly unbounded oper-
ator on a Hilbert space H. In this setting, an operator G: D(G) C H — H, is called
accretive if

(Gu—Gv,u—v)y >0 forallu,v € D(G).

Moreover, it is called maximal if R(sI +G)=s¢foralls > 0.
Throughout the paper, ¢ and C will denote generic positive constants.

4 Abstract Cauchy framework

Let H be a Hilbert space and V be a separable, reflexive Banach space such that V is
densely embedded into H. For a given p € [2,0) consider the induced spaces

A =1*0,T;H) and ¥ =LP(0,T;V).

By [12| Chapter I1.2], we then have the identifications ¥ * = Lp/(p=1) (0,7;V*) and

(U V) gy = /OT<u(t),v(t)>V*det,

as well as the Gelfand triplet ¥ — ¢ — ¥"*. Furthermore, consider a family of
operators {A(t)};c(,), Where A(t): V — V* is not necessarily linear, and the sin-
gle bounded linear operator M: H — H. The induced operators <7 : ¥ — ¥ and
M . € — F€ are then given by

(Fu)(t) =A(t)u(t) and (A u)(t)=Mu(t) forae.te (0,T),

respectively. The main tool to analyze degenerate elliptic-parabolic equations, is to
observe the following. The translation semigroup {S(7)} on ¥* defined as

0 for0<r <7,

S(e)ulr) = { )

ut—1) fort<t<T,

is generated by —d/d¢: D(d/dr) C ¥™* — ¥*, where

D(d/dr) = {ue ¥+ lim L(1=5())u=d/du e ¥}

T

= {uecw"/=1(0,T;v*) : u(0) = 0}.

Compare with [[16, Proposition 5.1]. Note that wlp/(p=1) (0,T;V*) = C(]0,T);V*),
by [L3, Lemma 7.1], i.e., the pointwise evaluation in D(d/d¢) is well defined. We also
define the space

W ={uc¥V . MuecD(d/d)}.
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For a given f € ¥*, one can now consider the nonlinear Cauchy problem of
finding u € # such that

Fu=d/dt M+ A )u+f=0 in¥", ®)
or equivalently, finding a solution to
T
- /0 (Mu(t), v(2)) , de + (S ut f,) ey =0 ©)
for all v € WP (0,T;V) with v(T) = 0. See [[16, Chapter 3] for details on the equiv-

alent formulations of Cauchy problems.

Definition 1 Consider the spaces V,H, which induce 57,7, %, together with the
operators M: H - H, o/ : V — V*. If

1. V is a separable, reflexive Banach space that is densely embedded in the Hilbert
space H;

2. M is linear, bounded, monotone, and symmetric;

3. & is bounded, k-monotone, hemicontinuous, and coercive,

then the problem set (V,H,M, /) is proper.
Lemma 1 If (V,H,M, <) is proper, then
(d/dtMu,u)y«wy >0 forallueW .

Proof Letu € # and observe that

(d/dt ) yercy = Tim L((I1=S())Mu,u)y . (10)

=0t T

Furthermore, as M is monotone and symmetric, the bilinear form (M-, -) satisfies the
Cauchy-Schwarz inequality

(M, vy ey | < (Mu,u) /2, My )2, foralluy e V.
This observation implies that for every u € #', we have
T
(S Ayyer = [ (Mt —),u(t) vy
T

< [ = 0= L o))

([ ) ) ([ o), )y )
<a/fu,u>/y/*></y/.

(1)

IN A

Combining this with gives that sought after bound. O
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As —d/dt generates a contraction semigroup on ¥™* satisfying (11, compare [16]
Chapter I11.5], one has for every proper set (V,H,M,</), every f € ¥* in (§), and
every g € ¥ that the equation

Fu=g mmY¥* (12)

has a unique solution u € %. This is one of the main results from the existence theory
for degenerate elliptic-parabolic equations, which is due to [3]]. For an English version
see [16} Proposition I11.6.2]. Next, consider the domain

D(F)={ueW  Fuec H).

together with the restricted operator % : D(.%) C 5 — ¢, which may be un-
bounded in 4#. For any s > 0, the problem set (V,H,M, sl + <) is also proper. The
observation . C 7* together with the existence result then implies that the re-
striction of .% is maximal. Furthermore, by and the k-monotonicity of .7,
the restriction of .% is accretive. As a direct consequence, the resolvent

(sI+ )\ # - D(F)C A,

is a well-defined, nonexpansive operator for every s > 0. In order to decompose (8},
we assume the following.

Assumption 1 The sets (V,H,M, <) and (Vy,Hy,My, ), for £ = 1,...,q, and the
linear, bounded operators Ey: Hy — H, Ry: H — Hy fulfill

1. all problem sets are proper;
2. ReE;=1on Hyand (Equ,v)g = (u,Rev), for allu € Hy,v € H;
3. Mu=Y]_|EMRuforallucH.

The induced operators & : 5¢; — ¢ and Z;: S — 53, given by
(&u)(t) =Ewu(t) and (%u)(t) = Ru(r) forae.t€ (0,T),
respectively, are then linear and bounded. The second and third statements of
also hold for the pairs &7, %, in combination with .# and ..
For given functionals fy € ¥/*, /= 1,...,q, we can define the domains
D(Fy) ={ue I : B e W and (d/dt My + 1) Ru+ fi € 7}

together with the operators %, : D(%#;) C 5 — ¢, given by

Fou = &((d/dt///g JrJZf[)c@gMJrfz) foru € D(.%y).

Lemma 2 Jj holds then the operator F; is maximal accretive on .
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Proof By assumption, the set (¥}, 5, .#;,sI + <) is proper and the operator
ug — (d/desty + o) ug + fo (13)

is maximal accretive on .57 with domain {uy € %} : (d/dt. 4y + p)ug + fr € 57}
Hence, for each g € 7 there exists a unique uy in the domain such that

(sI+d/dt.sty + p)ug + fo = Fog.
The function u = &uy +s~ (1 — &%,)g is then in D(.%;), as Zyu = uy, and

(sI+ Fp)u=s&ur+ (11— E%y)g
+ 6 ((d/drty + ) (Beue + 57 Rl - EA)g) + o)
=& ((sI+d/detty+ )ug + fo) + (I — ER)g = g

That is, .%; is maximal.
Let u,v € D(F;) and set Zyu = uy,%;v = vy. As the operator is accretive,
(Fou— Fpv,u—v) o = (E(d/dttly + ) Rou — E(A) dt My + y) Ryv,u — v)%,
= ((d/dl‘%ﬁ + o ug — (d/dety + p)ve,up — Vg)%,[, >0.
Hence, .%; is accretive. O

Assumption 2 The spaces V,V; and the operators Ry, { = 1,. .., q, fulfill

1. Ry is a bounded operator from 'V to Vy;
2. ifu € H such that Ryu € Vy forall { =1,...,q, then u € V and the bound ||ul|}, <
CLL, |Reullf, holds.

It directly follows that also holds for the induced spaces ¥, %; and
operators %.

Corollary 1 Let[Assumptions 1|and 2| be valid. If u € 7€ and %u € W for all { =
1,...,q, thenu € W and

q
(d/dt///u,v}«;/*x«;/ = Z <d/dt.//fg<%gu,<%gv>«//[*x%
(=1

forallve V.

Proof For a u fulfilling the hypothesis we have, by that u € ¥ and it
remains to show that .#u € D(d/dt). To this end, we observe that Zyu € #; and the

boundedness of %Z;: ¥ — ¥} implies

q
(@) poxy = Y A/t R0, R () vy € V7
=1
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The definition (7) of {S(7)} gives that

(L=S(0) vy yey = (LU =S().ttu) ,
= Y L[ MRt v0) 0 [ (Bt —2)000)
=1 !
— zq; (%([—S(T))%g%gu,%gv) "= qué(l = 8(0)) MR, Rev) v v,
=1 =1

forallu € 5#,v € ¥. Consider z¢(t) = 1/1(I — S(7)) A% u and zy = d/dt#,Zu.
As Zyu € Wy, we have z¢(T) — z¢ in ¥;*as T — 0. Hence, it follows that

q

1
[-(I=S(t)Mu—z|y- < sup —— Y ze(T) =20, Z0v)y59,] =0
T verrfoy VIl 1; exn

as T— 0", Thatis, #u € D(d/dr) and d/dt.#u = z. 0

Note that|Corollary 1|implies the inclusion N{_,D(.%;) C #'.

Assumption 3 The identity
Fu=d/dtMu+ Au+ f
q q
=Y &d/dt o R+ R+ fi) =Y, Fou
(=1 (=1

in A holds for every u € N{_ D(F).

From itis clear that N?_, D(.%;) C D(.%), but the assumption does not
imply equality in general. In order to proceed with the analysis, we therefore assume
the following additional regularity property.

Assumption 4 The solution to Fu = 0 satisfies u € Ni{_ D(F).

5 Abstract method convergence

We will combine the abstract Cauchy framework in together with the el-
liptic convergence results derived in [[13, Proposition 1] and [19, Theorem 3.1]. As
these results are central to our analysis, we give the proofs in the current notation.

Theorem 1 Consider the Peaceman—Rachford (@) or Douglas—Rachford () approx-
imation {uf ,u3 } ,en of the solution u to the nonlinear Cauchy problem Fu =0. I
toH|hold and u) € D(.F) then

lim k(e —u) +ko(uy —u) =0

n—se0

for every method parameter s > 0.
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Proof We begin with the Peaceman—Rachford case. The regularity u € D(%) N
D(%>) implies that Fu = —Fu. If uy € D(%,) then

Wl = (sI+ F1) " (sl — F)ul € D(F)) and
)N sT— )it € D(F).

=
o=
+
|
~
2]
~
+
N

As u) € D(.%>), we have by induction that {u,u2},eny C D(F)) x D(3). Let
= (sI+P)u5, v=(sI+F)u, w'=(sI—F)u5 and w=(sI—.F)u.

This notation implies the relations

v+w Vit il gn
= ug = —— ul‘H—l = ———
2s 2s ] 2s
n n+1
v—w V=W w—v W —
Fou= . Fu , Flu= , J]M'lH_l
2 2 2 2

The accretivity of %, then gives the two bounds

0< (92“3_3‘\2””/‘3—”)%:%((Vﬂ—V)—(W”—w),(v"—v)—k(w”—w))%,
1
= = (V" =vlZe = 1w = wil)

and
0< (55114 — Zu, u"+1 u)
1 n+1 n n+1
=5 —v),(W"—w)+ (v —v))%p
1

H n+1

((w"
4s(llw e = I 3.

The two bounds then yield [[v*+! —v[|%, < |[w" —w||%, < [[v" —v||%,. This shows that
the real valued sequence {|[v" —v||%, },en is monotonously decreasing and bounded
from below by zero. Thus, it converges and it follows that

[V — v||2)f — ||v”+1 —v||§f —0 asn— oo,

This combined with the two bounds above and (IT), implies that

MI\)

o(uf —u) (Fouy — Fou,uf —u) p — 0

HMM

Z:l

as n — oo, The convergence proof for the Douglas—Rachford scheme follows in the
same fashion and is therefore omitted. a

For the additive splitting (6)), the parameter s needs to be chosen more carefully,
as a function of N. An optimal choice of s is parameter dependent, compare [19} The-
orem 5.1] for more details. For the sake of simplicity, we choose s = C+/N that fulfills
[19, Remark 3.1] and guarantees convergence while keeping the notation compact.
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Theorem 2 Consider the additive splitting (@) approximation {u” w1 of the solu-
tion u to the nonlinear Cauchy problem Fu = 0. If [Assumptions 1| to H] hold and
ke > c| - |3, then it follows that

lim |[u" —ul| » =0
N—oo
for the parameter choice s = C+/N.
Proof Let VZH = MZ+1 uand v' = u" — u. Then @ gives
sV )+ (Fad Y — Fu) = —Fue H
) Uy gu) = u e .
By applying <~,SVZ+1>%*X1/[ to the equation above, we obtain
20 n+l 1 1 1 1
SO =V e (P = Fou i) sy, = (=T s ) e
The first term to the right can be rewritten as

2
SZ(VZLJrl N VZJH)J? _ %( ZH»I N VZJFI)J{"‘F S (V;ZJrl V",V?Jrl _Vn)jg)

2
+ 2 5 (V;H_l W vn)%ﬂ

AR (PR [ VT

fll T3 + Hv
and the bound k; > c|| -||%, then yields the inequality
(54 20) [V B — 212 + 2V =1 < 2= Fan )
Taking the average of these inequalities, for £ = 1,...,¢q, and noting that

L
Z vp ||%07

n+l | l
Taf
by the convexity of | - ||, implies

s(s+20) [V 130 = s V15 + = ZHV”H V5 <2 Z ~Fuu, vy ) e

As Fu=Y{_, Fu=0, the right-hand side of the above inequality is bounded by

q q
2 Y (—Fou, s} e = 3 Y (= Zou, sV =) L, + (= Fou,sv") )
=1 =1
q q
= L Fuaus( =) o < N (15l +5° 10 =),
=1 =1

Hence, it follows that

q
1
s(s+20) [V 5 =2V 13 < 3 1 Feul -
/=1
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For the constant C(:%;) = 1/q¥.?_, ||-Zu||%,. we then obtain the bound

1 1
N_ 2
u' —ul|y < ——\lu —u +C -
i =l = e = 4l + €FO G X (e +26/s
1 0 2 1 1
= — — 20 C y b 1_7 .
(142¢/s)NV " =ull5e + Z)ZCS( (1 +2C/S)N>

The parameter choice s = C/N then gives the sought after convergence in J#, as
1/(1+C/v/N)N = 0as N — oo, O

6 Degenerate elliptic-parabolic equations with p-structures

Multiplying the degenerate elliptic-parabolic equation (I)) with a sufficiently regular
test function v, with v(T') = 0, formally gives the weak form

/OT /Q —yudyv+a(t,Vu) - Vv+ B (t,u)v+ f(t)vdxdr =
Comparing with (9) motivates the choices

H=I1*Q), V=W"(Q), and (Mu)(x)="y(x)u(x),
where p € [2,00), ¥ € L(£) is nonnegative, together with the operators A(¢): V —
V*, 1 € (0, T), given by

(A(t)u,v)v*xv:/ (1, Viu)-Vv+ B(t,upvdx  foruv e V.
Q0

To decompose H we consider Hy = L?>(£;), with the usual norm. The connection
between H and Hy is the given by the zero extension operator Ey: H; — H and the
restriction operator R;: H — Hy, i.e.,

0 forx e Q\ Q

and Rou=u|qg,
up(x) forxe Qy ! 2

(Equg)(x) = {

for all u, € Hy and u € H. Note that these operators fulfill (Egug,u)y = (u¢, Rou)g, .
Next, we will introduce the decomposed operators and source terms. To this end,
recall the overlapping subdomains {.Qg}?z 1 from and consider the partition

of unities with the weights x* = Eay, xf = E/by, and x[y = Eygy. Here, we assume

ag € Wol’m(_Qg), bpe{velL”(Q):v(x)>cforae.xcQ}, and gy€L™(Qy),

for{=1,...,q. A possible choice of Xé‘ will be presented in|[Example 2

For an arbitrary weight w, € L*(£2), let L”(¢,w;) be the set of measurable
functions u on € such that the weighted norm

1
||u||Lp(.Q/,Wg) = (/ W[|M|pdx) r
2
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is finite. This is a separable and reflexive Banach space. If wy(x) > ¢ for a.e. x € £
then LP (€2, wy) is isometric isomorphic to L” (). We can then define the spaces

Vy={u € LP(Q,by) : there exists z; € L’ (Q,a,), j=1,...,d, with

1,
<aé(vu)j,V>W71A,,(Q£)XW01,;;(Q£) = 7/0/ agzjvdx forall v e W, " ()}

for{ =1,...,q. We equip V; with the norm

1/
e = (17012 g g0+ 10 0)

As for standard weak derivatives, we will not distinguish between the distributional
gradient of u € V; and the associated vector of weighted LP-functions z = (z1,...24).
Instead, both will be denoted by Vu.

Lemma 3 The spaces Vy,£ = 1,...,q, are separable, reflexive Banach spaces, which
are all densely embedded into Hy.

The proof follows as in [4, Lemmas 1-3] together with the observation that the sepa-
rability also holds by [, Theorem 1.22].
The operators My: Hy — Hy,{ =1,...,q, given by

(Myu)(x) = go(x)(Rey)(x)u(x) fora.e.x € Qy,
are then linear, bounded, monotone, symmetric, and fulfill ZZI:lEgMgRg =M. The
families of operators A,(¢): V; =V, 1 € (0,T),f =1,...,q, are defined by
<A£(I)M7V>V;xw = / apo(t,Vu)-Vv+biB(t,u)vdx foru,v € V.
o]
We will consider degenerate elliptic-parabolic equations that have a p-structure,
i.e., the functions @, B have the properties below.

Assumption 5 Let the function d| € Lp/(=1) (Q x (0, T)) be nonnegative and d, €
L'(2 % (0,T)). The functions ot: Q x (0,T)xR! - R¥ and B: Q x (0,T) xR—R
satisfy, for a.e. (x,t) € 2 x (0,7T),

1. the maps o/(x,t,z) and B(x,t,y) are measurable in x,t, and continuous in y,z;
2. forally € R,z € R? one has the bounds

a(x,1,2)] <ClzlP" +di(x,1) and |B(x,1,y)| < Cly["~" +di(x,1);
3. forally,,y, € R,z1,20 € R4 it holds that

(a(xvtazl)_a(x’t7Z2)) ' (Zl _ZZ) + (ﬁ(x7t7y1) _ﬁ(xatvyZ))(yl —)’2)
Z c(lzr =22+ ly1 =y2f");

4. forally € R,z € R? one has a(x,t,z) -2+ B(x,t,y)y > c(|z? + |y|P) — da(x,1).
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Example 1 The standard case that fulfills [A is the parabolic p-Laplace
problem with a nonlinear reaction term, i.e.,

a(x,t,2) = |2/ >z and  B(x,r,y) =y’ 2y + 2y,
where A > 0.

Assumption 6 The source term f € V* in (|I) can be decomposed as

q

(Fv)y vy = Y \fu: Bev)ypscy,

(=1

forallve V.

Example 2 Let g € LP/(?=1)(Q x (0,T)) and n € LP/?=1(Q x (0,T))“. Then the
functional f given by

(f,v)v/*x«,/:/{)T/Qno(t)v(t)—&—n(t)-Vv(t)dxdt forveV

is an element in #*. We can then decompose f into elements f; in #;* through

(fe,v V*xi/[—/ / byRMo(t)v(t) +aRem (t) - Vv(t)dxdt  forv e ¥.

This implies that
q
LA = z / L, RO Rv(0) ke 1) VRev(e) s

-1/ z Etb)To(0)v (1) + (Evar)n (1) - V(r) dxdr
= <f>v>'7/*><'7/7
for all v € ¥, i.e.,[Assumption 6 holds for this family of functionals.

Lemma 4 ] holds then Ay(t): Vo — V' satisfies, for a.e. t € (0,T),

L A(@)ullyy < Cllullf, " +da(0) for all u € V,;

2. kg-monotone with kou = c||u|\€é;

3. Ay(t) is hemicontinuous;

4. (Ag()u,u)vy v, = c||u\|€€ —da(t) forallu € Vy;

5.t (Ag(t)u,v)ye xy is measurable on (0,T) for all u,v €V,

where dy € LP/\P=1)(0,T) is nonnegative and dy € L' (0, T). The same properties hold
Sor A(t), with Vy replaced by V.
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Proof The first assertion is valid, as for all u,v € Vy and a.e. ¢t € (0,T) one has that
(A} v,
s( </ alvulr @) +(f, afdm*ldx)”?)(/ al V|7 d)?

/bg\u|pdx o / bedy (1)7T dx) 7 /bg\v\pdx

<l + iy (1)l s ) IV .

The second assertion holds, as

(Ag(t)u—Ag(t)v,ufv)vz«xvé

= Qkag(a(t,Vu)fa(t,Vv))«V(ufv)erg(ﬁ(t,u)fﬁ(t,v))(ufv)dx

ZC(HV(u )||Lp (Quar) ‘,+||u vHU, @, b/)) :c||u—v||€[ for all u,v € V,.

To prove the third assertion, consider a sequence {g,} C [0, 1] with the limit €, ele-
ments u,v,w € Vy, and the function

h(e,x,t) = ag(x)a(x,1,(Vu+ V) (x))-Vw(x) + be(x) B (x,2, (u+€v) (x) ) w(x).
By [Assumption 5] we have h(g,,x,t) — h(€,x,t) for a.e. (x,1) € £, x (0,T), and
h(e.x,0)| < Cap(0) (V)] -+ [95(6) )P+ clds () [T
+Che(x) ()] + ()" +eldi (x,0)]) [w(),

where the right-hand side is in L' (£2) for a.e. . Hence, the dominated convergence
theorem gives

Lim (A(1)(u+ gw),v >V*xw = lim h(€n,x,t)dx = (Ay(t )(u—i—&‘w),v)vgxw7

n—oo n—ee J,

which implies that Ay(¢) is hemicontinuous for a.e. ¢. The fourth assertion holds, as
(At )y v, = /Q apol(, V) -V + by B (¢, u)udx
: 2
> [ clarlVup +bilul?) = daer) de > el = lda(-0)ll1 e
0

for all u € V;. The final assertion holds, by the measurability of «, 8 and the argument
in [22, Section 30.4]. Repeating the same proof, with the weights ay, b, replaced by 1,
gives the same properties for A(z): V — V*. O

[Cemma 4]together with [22], Section 30.3b] gives that the induced operators <7 : #; —
”V[‘,E =1,...,q, are all bounded, hemicontinuous, k,-monotone, and coercive. Here,
the function k; has the form

keu = cllull,.
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The same properties also hold for .o/': ¥ — ¥*. That is, in the context of degenerate
elliptic-parabolic equations, the problem sets (V,H,M, /) and (Vy,Hy,My, <7)) are
all proper. Hence, |[Assumption S|implies [Assumption 1}

Validating |[Assumption 2|can be done as follows. Since L”(Q,) C LP(Qy,w,) for
every weight function wy that we have considered, we find that W!» () C V. For
u €'V, it therefore follows that R, is bounded from V to V; as

|Reu[, —HVRNHUJ @) d+HReuHZ<g[,bl) < C([ VR[5 g pa Hl|Reu] |75 )

The second part of [Assumption 2] follows from
[l =||Vull}

LP(Q d+HuH€P(Q)
q q
< S VR g+ 3 Rl 0,1, = 5l
To prove that and[6]implies first observe that

i (A R, Bev) v <9,
:[Zl/o /_Qkaga(t,VRgu(t)) “VR(t) +beP (1, Reu(t) ) Ryv(r) dxdr

T o4
_ /0 /Q Y (Evar)ou(t, Vu(t)) - Vo(t) + (Ecby) B (t,u(e))v(e) dxds
=1
= (Fu,V)yexy
for every u,v € . Hence, by one has the equality

q q
(Z ﬂgu,v)% = Z ((d/dh//[ +M)%gu+fg,%gv)=%
(=1 (=1 )

q
Z (d/dt i R o, Rev)yp <oy + (AR, Rev) v v, + fo, Bev) v v,

((d/dt///—l—szf)u—i—f, Wy = (Fu,v)yexy

for every u € N{_,D(F),v € ¥. As ¥ is dense in ¢, we have u € D(Z) and
24:1 Fu= Ju in JZ, i.e.,|Assumption 3|holds.
With this setting [Theorem I|translates into the convergence result below.

Corollary 2 Consider the Peaceman—Rachford () or Douglas—Rachford (3) approx-
imation {u},u}},en of the solution u to the degenerate elliptic-parabolic problem
Fu=0.] to@hold and uY € D(F) then

P _
hm Z e[|V (uz ”Ll’ 0.1:10(2p.a)4) T cffu — MHL”(O,T;LP(Qé-,bz)) =0

for every method parameter s > 0.
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For the additive splitting (6), one needs a slight modification, as
does not imply the condition k; > c|| - ||, To this end, we will consider the case with
¥(x) > 1 > 0 for a.e. x € Q, i.e., a degenerate parabolic equation. In this setting, the
variable change #i(r) = e % u(z) gives the “shifted” equation

Fa=d/dM0+Fi+f=0 in¥*,
with f(r) =e % f(¢) and

" T
(V) y iy = / / e (1, eVi) - Vv -+ (" B(r,e" ) + qyil)vddr.
0 Q

Note that still holds for the operator above. This implies that . = 0

has a unique solution. Furthermore, consider the decompositions, with u,v € ¥},
R T
(A, vy 5, :/0 /9 age "ot 1Vu) - Vv + (bee 1B (r,e'u) + yu) vdxdr.
) /

The same proof as for gives that (V({,Hg,Mg,JZfz) is proper. Here, Jz{} is
ko-monotone with

N 2
keu = c[|[Vulll, +wllull5 -

Applying (€) to this new decomposition will be referred to as the shifted additive
splitting. then gives the following convergence result.

Corollary 3 Consider the shifted additive splitting approximation {Q" f,v,l of the so-

lution u to the degenerate parabolic problem Fu = 0. to0 [Blhold and
Y(x) > 1 > 0 for a.e. x € Q, then

lim |[e? 2" — ul| » =0
N—o0

for the parameter choice s = C+/N.
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