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Time-Recursive IAA Spectral Estimation
G. O. Glentis∗, Member, IEEE, and A. Jakobsson†, Senior Member, IEEE

Abstract— This paper presents computationally efficient time-
updating algorithms of the recent Iterative Adaptive Approach
(IAA) spectral estimation technique. By exploiting the inherently
low displacement rank, together with the development of suitable
Gohberg-Semencul (GS) representations, and the use of data de-
pendent trigonometric polynomials, the proposed time-recursive
IAA algorithm offers a reduction of the necessary computational
complexity with at least one order of magnitude. The resulting
complexity can also be reduced further by allowing for approx-
imate solutions. Numerical simulations together with theoretical
complexity measures illustrate the achieved performance gain.

Index Terms— Adaptive spectral estimation, Iterative Adaptive
Approach (IAA), fast algorithms.

I. INTRODUCTION

ADAPTIVE spectral estimation is of great interest in a
wide range of applications, and the topic has received

substantial and well-justified interest in the literature during re-
cent decades. Often, when studying time-varying signals, one
assumes that the signal of interest can be well approximated as
being stationary during a short time interval, allowing the use
of techniques such as the popular short-time Fourier transform
(STFT). Regrettably, the resulting estimates will suffer from
either low time- or frequency resolution as well as high leakage
effects [1], [2]. As a result, there has recently been a notable
interest in finding alternative time-varying spectral estimation
techniques. Due to their excellent performance and inherent
robustness to model assumptions, there has been a particular
interest in data-dependent filterbank-based algorithms. No-
tably, both the Capon and APES spectral estimation techniques
have recently been extended to allow for time-varying sig-
nals [3]–[7]. Generally, these spectral estimates offer higher
resolution as compared to the STFT, although this advantage
comes at the cost of an increased computational complexity.
Recently, an alternative data-dependent approach has been
proposed for signals exhibiting a sparse signal representation;
in [8], the so-called iterative adaptive approach (IAA) was
proposed for passive sensing, channel estimation, and single-
antenna radar applications. There, the technique was shown
to outperform both the Capon and APES estimators, and, as
a result, the technique has since attracted significant interest
in a variety of topics [9]–[13]. In these works, the examined
signals are assumed to be (reasonably) stationary over the
time period of interest, whereas in [14], a sliding window
IAA algorithm was proposed for Doppler spectrogram analysis
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of human gait. As can be seen in these papers, the IAA-
based estimation techniques are able to provide highly accurate
estimates even when only a few data snapshots are available,
although the improved performance comes at a cost of a
considerable computational complexity. In this paper, building
on our earlier work on computationally efficient time-updating
of the Capon and APES spectral estimates [5], [7], as well as
our recent work on computationally efficient implementations
of the various IAA-based batch spectral estimation techniques
[15], we present computationally efficient time-updating tech-
niques for the IAA algorithm. The presented implementations
exploiting an efficient implementation of the necessary data
dependent trigonometric polynomials as well as the develop-
ment of suitable GS representations of the estimated inverse
covariance matrix (see also [16], [17]). The rest of the paper is
organized as follows: in the following section, we review the
IAA algorithm and introduce our notation. Then, in Section
III, we propose a fast IAA implementation, as well as two
approximate implementations. Finally, Section IV, contains
our conclusions.

II. PROBLEM FORMULATION

Let y(n) ∈ C, for n = 0, 1, . . ., represent a data sequence
under consideration, whereof subsets of length L may be
assumed to be (reasonably) stationary. Define the data and
frequency vectors

yL(n) = [ y(n) . . . y(n+ L− 1) ]T , (1)

fL(ωk) = [ 1 eωk . . . eωk(L−1) ]T (2)

where (·)T denotes the transpose, and where ωk = 2π k
K ,

k = 0, 1, . . . ,K − 1, typically1 with K > L. Let Φn(ωk) =
|αn(ωk)|2 denote the power of the signal at frequency ωk at
time instant n, where αn(ωk) is the complex-valued spectral
amplitude at frequency ωk. Let RL(n) denote an estimate of
the L × L sample covariance matrix at time instant n. Then,
a time recursive, sliding window, IAA spectral estimate is
formed by iteratively estimating at each time instant αn(ωk)
and RL(n), until practical convergence, as (see [8], [10], [14]
for details)

αn(ωk) =
fH
L (ωk)R−1

L (n)yL(n)
fH
L (ωk)R−1

L (n)fL(ωk)
, (3)

RL(n) =
K−1∑
k=0

|αn(ωk)|2fL(ωk)fH
L (ωk) (4)

for k = 0, 1, . . . ,K − 1, where (·)H denotes the conjugate
transpose, with RL(n) initialized to the identity matrix IL.

1For K = L, IAA yields the DFT spectrum for all iterations.
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Fig. 1. An example of the spectrogram resulting from the proposed fast,
time-recursive, sliding window, TRIAA algorithm.

The brute force implementation of the time recursive IAA
method (TRIAA-bf) as described by (3) and (4) results in a
computational cost of m(2KL2 + KL + L3) operations per
processed subset, where m is the number of IAA iterations
necessary to allow for convergence; typically, no more than
10 or 15 iterations are needed [8]. However, this figure can
be drastically improved by taking into account the special
structure of RL(n) and the operations required to update
αn(ωk) and RL(n) each iteration.

III. FAST TIME-RECURSIVE IAA IMPLEMENTATION

Define FLK , [ fL(ω0) . . . fL(ωK−1) ] and express the
sample covariance matrix estimate in (4) as

RL(n) = FLK diag { |αn(ω0)|2 . . . |αn(ωK−1)|2 }FH
LK ,

where diag{x} denotes a diagonal matrix formed with the
vector x along the diagonal. As shown in [15], RL(n) is a
Toeplitz matrix which can be extracted from a circular matrix
of higher dimensions, such that

CL(n) , WH
Kdiag

{
|αn(ω0)|2, . . . , |αn(ωK−1)|2

}
WK

=
[
RL(n) ×
× ×

]
,

where WK is the Discrete Fourier Transform (DFT) matrix of
size K×K, and the symbol × denotes unspecified terms of no
relevance. Thus, the first column of RL(n), denoted by rL(n),
is obtained by the partition cL(n) = [rT

L(n) ×]T , where
cL(n) is the first column of CL(n), and can be computed
using the Inverse DFT (IDFT) as cL(n) = WH

Kαααn, where
αααn = [ |αn(ω0)|2 . . . |αn(ωK−1)|2 ]T . It is worth noting
that rL(n) can be computed for a subset output points using
an incomplete IDFT [18]. Consider the partitioning

RL(n) =
[
r0(n) rfH

L−1(n)
rf

L−1(n) RL−1(n)

]
(5)

=
[

RL−1(n) JL−1r
f∗
L−1(n)

rfT
L−1(n)JL−1 r0(n)

]
, (6)

Fig. 2. The learning curve and spectrogram estimate resulting from the
approximative TRIAA-a1 estimator.

where JL−1 is the exchange matrix. Application of the matrix
inversion lemma for partitioned matrices [2] results in

R−1
L (n) =

[
0 0T

0 R−1
L−1(n)

]
+ AL(n)AH

L (n) (7)

=
[
R−1

L−1(n) 0
0T 0

]
+ JLA∗

L(n)AT
L(n)JL (8)

where
AL(n) =

[
1

aL−1(n)

]
/

√
αf

L(n), (9)

and

aL−1(n) = −R−1
L−1(n)rf

L−1(n) (10)

αf
L(n) = r0(n) + rfH

L−1(n)aL−1(n). (11)

Define the operator

ZL(ν) =
[

0T ν
IL−1 0

]
(12)

where IL−1 represents the identity matrix. Clearly,
(ZL(ν))L = νIL. Using (7) and (8) yields

R−1
L (n)− ZL(ν1)R−1

L (n)ZT

L(ν2) = AL(n)AH
L (n)

−ZL(ν1)JLA∗
L(n)AT

L(n)JLZT

L(ν2), (13)

which, via repeated multiplications by the down-shifting oper-
ator, defined in (12), and by the subsequent summation of the
resulting equations, leads to an efficient way for the calculation
of R−1

L (n). First, consider the case when ν1 = ν2 = 0. Then,
the well-known GS factorization of R−1

L (n) is obtained [16]

R−1
L (n) =

2∑
i=1

σiL(ti
L(n))LH(ti

L(n)) (14)

where t1
L(n) , AL(n) and t2

L(n) , ZL(0)JLA∗
L(n), σ1 = 1

and σ2 = −1, and where L(ξξξL) denotes a L × L Toeplitz
lower matrix with ξξξL along its first column. The structure in
(14) allows for an efficient way to compute the coefficients
of the trigonometric polynomial appearing in the denominator
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Fig. 3. The learning curve and spectrogram estimate resulting from the
approximative TRIAA-a2 estimator using µ = 0.001.

of (3), at a cost of O{L log2(L)} operation (see, e.g. [19]).
Next, consider ν1 = 0 and ν2 = 1. Then, a variant of the GS
factorization is obtained as [20]

R−1
L (n) =

2∑
i=1

σiL(ti
L(n))CH(t̄i

L(n)) (15)

where t̄1
L(n) , t1

L(n) and t̄2
L(n) , ZL(1)JLA∗

L(n), with
C(ξξξL) denoting a L × L circulant matrix having ξξξL along
its first column. This particular GS decomposition of R−1

L (n)
allows for an improved implementation of the matrix-vector
product in the numerator of (3), defined as

dL(n) , R−1
L (n)yL(n). (16)

Finally, the linear system of equations given by (10) can be
solved using the Levinson-Durbin algorithm (see, e.g., [2]).
The resulting algorithm, termed the fast time-recursive IAA
(TRIAA), is tabulated in Table I. Interestingly, one may reduce
the complexity even further by allowing for an approximate
solution. Noting that, upon convergence, R`

L(n) ≈ R`−1
L (n)

and RL(n) ≈ RL(n−1) suggest that an approximate solution
may be found by setting m = 1 and using R0

L(n) = R1
L(n−

1). As shown in Figures 1 and 2, the resulting approximation
does not induce any substantial loss in performance. We term
the resulting approximative estimate the TRIAA-a1 estimator.
Alternatively, one may instead use a single step steepest
descent scheme for the computation of aL−1(n). Steepest
descent algorithms have been proved to be a well behaved
and powerful tool for the iterative solution of linear (and non-
linear) systems of equations, and has successfully been applied
to many batch and adaptive signal processing applications
(see, e.g., [21]–[23]). This version, here termed the TRIAA-a2
estimator, is detailed in Table II, with µ > 0 denoting a
trimming parameter that control the convergence rate of the
algorithm. To speed up convergence, the algorithm of Table
I is used for initialization. The complexity of the resulting
estimator is now reduced even further, although, as shown
in Figure 3, this computational reduction comes at the price

TABLE I
TIME RECURSIVE IAA ALGORITHM (TRIAA)

Initialization:

yL(n) = [ y(n) y(n+ 1) . . . y(nL − 1) ]

R0
L(n) = IL

Then, for iteration ` = 1, . . . ,m,

aL−1(n) = −
h
R`−1

L−1(n)
i−1

r
f(`−1)
L−1 (n)h

R`
L(n)

i−1
=

2X
i=1

σiL(ti
L(n))CH(t̄i

L(n))

dL(n) = [R`
L(n)]−1yL(n)

ψn(ωk) = fH
L (ωk)dL(n)

ϕn(ωk) =

L−1X
i=−L+1

ϕi(n)e 2πk
K

i

αn(ωk) =
ψn(ωk)

ϕn(ωk)»
r`

L(n)
×

–
= WH

K [ |αn(ω0)|2 . . . |αn(ωK−1)|2 ]T

of a somewhat worse spectral estimate, where it is clear that
the TRIAA-a2 estimator will yield estimates with a somewhat
wider mainlobe as compared to the TRIAA-a1 estimator. Here,
the results in Figures 1-3 are obtained from the data set
described in [7]. The convergence rates of the TRIAA-a1 and
TRIAA-a2 estimators are also illustrated in Figures 2 and 3,
using a learning curve, defined as

Cn =
1
K

K−1∑
k=0

|Φn(ωk)− Φn−1(ωk)| .

We proceed to examine the computational cost of the dis-
cussed time-recursive estimators. Consider first the computa-
tion of the numerator of (3), which, using zero padding, can be
expressed as ψn(ωk) , fH

K (ωk) [dT
L(n) 0T

K−L ]T which can
be evaluated using an incomplete input FFT, where L out of
K samples are assumed to be nonzero, at a computational cost
of φ(L,K) ≈ K

L φ(L) [18], where φ(L,K) denotes the cost
of performing a FFT (or an Inverse FFT, IFFT) of length L,
being zeropadded to length K, and where φ(K,K) ≡ φ(K).

Moreover, the denominator of (3) can be expressed as
ϕn(ωk) = e− 2πk

K (L−1)
∑2L−1

i=0 ϕi(n)e 2πk
K i which can be

evaluated at a cost of φ(2L,K) + K operations. Further-
more, rL(n) can be computed using an incomplete output
FFT, where L out of K samples are produced at a cost of
φ(L,K) operations [18], and the solution of computing (10)
can be done in about (L− 1)2 operations. Computing dL(n)
using (15) and (16) can be done in no more than 9φ(L)
operations [20], and the coefficients ϕi(n) of the trigonometric
polynomial ϕn(ωk) that appears in the denominator of (4) are
computed at a cost of 10φ(L) using the method presented in
[19]. However, this figure can be reduced to 6φ(L) since some
of the computations have already be performed at a previous
step of the algorithm. Finally, the Toeplitz-vector products
required for the computation of variables eL−1(n) and β(n)
that appear in Table II result in an additional cost of 8φ(L). In
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TABLE II
TIME RECURSIVE APPROXIMATE IAA ALGORITHM (TRIAA−a2)

Initialization:

yL(n) = [ y(n) y(n+ 1) . . . y(n+ L− 1) ]

Then, if n=0, follow Table I for a given m, otherwise

eL−1(n) = −rf
L−1(n) −RL−1(n)aL−1(n− 1)

β(n) = eH
L−1(n)RL−1(n)eL−1(n)

ρ(n) = eH
L−1(n)eL−1(n)

α(n) =
ρ(n)

β(n)

aL−1(n) = aL−1(n− 1) + µα(n)eL−1(n)

R−1
L (n) =

2X
i=1

σiL(ti
L(n))CH(t̄i

L(n))

dL(n) = R−1
L (n)yL(n)

ψn(ωk) = fH
L (ωk)dL(n)

ϕn(ωk) =

L−1X
i=−L+1

ϕi(n)e 2πk
K

i

αn(ωk) =
ψn(ωk)

ϕn(ωk)»
rL(n+ 1)

×

–
= WH

K [ |αn(ω0)|2 . . . |αn(ωK−1)|2 ]T
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Fig. 4. Approximative computational complexity of the discussed estimators.

conclusion, the computational cost of the fast time-recursive
algorithms presented in this paper are:

CTRIAA = m[(L− 1)2 + 15φ(L) + 4φ(L,K)],
CTRIAA−a1 = (L− 1)2 + 15φ(L) + 4φ(L,K),
CTRIAA−a2 = 23φ(L) + 4φ(L,K).

The computational complexity of the discussed methods is
illustrated in Figure 4, for K = 4L.

IV. CONCLUSIONS

In this paper, we have presented three computationally
efficient implementations of the IAA spectral estimation tech-

nique. The techniques exploit the rich structure of the estimator
to substantially reduce the necessary complexity, as well as
form approximate solutions of notably lower complexity, while
only suffering minor degradation of the resulting estimates.

REFERENCES

[1] L. Cohen, Time-Frequency Analysis, Prentice Hall, Englewood Cliffs,
N.J., 1994.

[2] P. Stoica and R. Moses, Spectral Analysis of Signals, Prentice Hall,
Upper Saddle River, N.J., 2005.

[3] R. Wu, Z.-S. Liu, and J. Li, “Time-varying complex spectral analysis
via recursive APES,” IEE Proc. Radar, Sonar and Navigation, vol. 145,
pp. 354–360, December 1998.
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