MASM22/FMSN30/FMSN30F: Linear and
Logistic Regression, 7.5 hp
FMSN40: ... with Data Gathering, 9 hp

Lecture 8, spring 2026
Multiple logistic regression, Likelihood ratio test, influence,
residuals, variable selection

Mathematical Statistics / Centre for Mathematical Sciences
Lund University

29/4-26

Anna Lindgren - anna.lindgren@matstat.lu.se Linear and Logistic Regression, L8



Multiple logistic regression

Multiple logistic regression

Anna Lindgren - anna.lindgren@matstat.lu.se i gistic Regressi



Multiple logistic regression

Oslo: more variables
Model: Y; = 1 if the concentration of PMyg particles lies above
50 ug/m3, else 0. Y; ~ Bin(1, p;) with

In 1 fip' = Po + Brx1 + oo + Bax1w + B4xneg + ﬁSxpos
(3
where
T = number of cars/1000
X9 = wind speed (m/s)
Tneg = 1 if temperature difference between 25m and 2m

above the ground is < —1°C, else 0.
Tpos = L1if ...is > +1°C, else 0.
Tzero = - ..is between —1 and +1°C (reference category)

A large temperature difference can create a “lid” that keeps the
particles close to the ground.
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Multiple logistic regression

Oslo: estimates
B; B; se  P-value 95% C.I. e’ 95% C.I.

Intercept  Bo —1.3 0.5  0.009 (—2.3,-0.4) 027 (0.10,0.70)
cars/1000  f3 02 02 037 (=020.6) 1.20  (0.81,1.80)
wind B2 —05 02 0005 (—0.8,-0.2) 062 (0.44,0.85)
carswind 83 0.1 0.1 0.03 (0.01,0.3) 1.15  (1.01,1.31)
( )

( )

diff < -1 4 1.8 04 <0.001 (1.04,2.6) 5.96 (2.83,12.9
diff > +1 S5 1.0 0.3 0.001 (0.4,1.6) 2.77  (1.50,5.10

» The number of cars is not significant(?!) but its interaction with the
wind speed is.

» Higher wind speeds give less probability of large PMq
concentrations (2 < 0 < e’2 < 1) ...

» ... but the effect is smaller when the number of cars is large
(B3 > 0<% >1).

» Non-zero temperature differences, in either direction, increase the
probability of high concentration levels (8, > 0 < e”* > 1 and
Bs >0« e’ >1)
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Log-likelihood based inference
Deviance
LR-test
Profile likelihood
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loglike Deviance LR-test Profile likelihood

Log-likelihood based inference

» In logistic regression (and in general for nonlinear models) we
do not have sums of squares and cannot do an ANOVA
decomposition. We can thus not use either the global or the
partial F-test to test our model.

> In the F-test we used SS(Error) = Q(3) which is the
minimized loss function.

» We have now the maximized likelihood function, L(3). Use
that instead!

Deviance
The Deviance, D, of a fitted model is defined as

D =2 (InL(jise; Y) ~ n L(3; Y)

where fis,t is the estimates in the saturated model with one
parameter for each observation.
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loglike Deviance LR-test Profile likelihood

Saturated model in logistic regression
If we estimate p; using fi; = p; = Y; (=0 or 1) we get

In L(fisat) lanZ l—pl —Yi

Z YilnY;+ Y (1-Y)(1-Y;) =0.

i;Y;=1 4;Y;=0
Null model, D,
The deviance for the null model with only the intercept 5y and
T
bi= 1w = Y then becomes
n
Dy =2(0~L(%)) = —22 Yilnp; + (1Y) In(1 — ;)

= —2n(YInY + (1 - )ln(l -Y)).
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loglike Deviance LR-test Profile likelihood

General model, D )
%P
For a general model with p; = ———— the deviance becomes
1 + exi/@

D=2 (0 _ 1nL(B)) = —2In L(3)

= -2 (Yilnp; + (1 - Y;) In(1 - j)).
=1

» The deviance measures the distance (in log-likelihood terms)
between our model and the saturated model.

» A large likelihood means a large probability for the estimated
model to produce our data, which is good.

» So a small deviance is good.
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Olso: Deviance

Running summary (model.oslo) gives

Null deviance: 536.85 on 499 degrees of freedom
Residual deviance: 463.40 on 494 degrees of freedom
AIC: 475.4

» Null deviance is Dy for a model having only intercept:

pi =Y = 0.228 gives
Dy = —2-500-(0.2281n0.228 4+ (1 — 0.228) In(1 — 0.228)) = 536.85

» Residual deviance is the D for our model.

How can we use this to test if our model is significantly different from
(better than) the null model (similar to a global F-test)?
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Likelihood ratio test (global)

For nested models we can compare the likelihoods through the
deviance. If Hy: 31 = --- = B, = 0 is false the full model is better
than the null model and should give larger probabilities of getting
the observations that we actually got, i.e.

L(B) > L(B) © In L(B) > In L(3) © —2In L(B) < —21n L(fo)

/

N~

D Do
S D; 1—pi
©Dy-D=>)_ <Y ln(%)Q +(1-Y;) 1n(1_1;_/)2> >0
=1

If Hy is true, it can be proven that, asymptotically as n — oo,
Do — D ~ x?(p) and we should reject Hy at significance level o if

Do — D > x2(p)
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Likelihood ratio test (partial)

The likelihood ratio test also does the job of a partial F-test:
» Test Hy: k specific S-parameters (e.g. the last k) = 0.
> If Hy is false then

fi II full
Dred — Dy = 5 In( Pifu 24 E ~ Difa ) > 0.
N pz red - pz red
;Y;=1 4;Y;=0

» For the successes, when Y; = 1, the probability p; should be
close to 1 and we want p; full > D red-

» For the failures, when Y; = 0, the probability p; should be
close to 0 and we want 1 — p; sy > 1 — P red-

» If Hy is true then Dyeq — Dsy ~ x%(k), asymptotically, and
we should reject Hy if

Dred — Drunt > X2 (k).
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loglike Deviance LR-test Profile likelihood

Example: Oslo

» Is our model better than the null model?
Ho: 1 =pB2=83 =84 =35 =0.
Do — D = 536.85 —463.40 = 73.45 > x2 ;5 (5) = 11.1. Reject Hy at
« = 0.05 significance level. Yes, our model is better than nothing.

» Do we need to take the number of cars and/or the wind speed into
account?
Ho: 81 = B2 = B3 = 0.
Reduced model: Inp/(1 —p) = Bo + BaZneg + B5Zpos
Dyed — Dsar = 499.80 — 463.40 = 36.40 > x3 15(3) = 7.81.
Reject Hy at a = 0.05 significance level. Yes, cars and/or wind
speed matters.

R is intelligent and we can use anova(model.red, model.full).
When model is estimated using glm(), the anova()-function knows to
produce a deviance table instead of an ANOVA table.
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Likelihood based test and confidence interval for j3;

> WhAen n is sAmaII or medjum sized the normal approximations
of B; and (3; — ;)/d(p;) are bad and we should not use the
Wald test or the Wald test based confidence interval for 3;.

» The rate of convergence for Dyeq — Dsuy ~ x2(k) is faster so
this approximation is better and should be used instead.

Likelihood Ratio test for f3;
Test Hp: 8; = 0 against Hy: 3; # 0 using an LR-test with k = 1.

Profile likelihood based confidence interval for 3;

Define the confidence interval for 3; as all values 6y such that

Ho: B = 0p cannot be rejected against Hy: 3; # 6y at significance
level av when using a Likelihood Ratio test (instead of a Wald test).

Note: This is what confint () does for a glm()-model, hence the
Waiting for profiling to be dome...
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(*) Profile likelihood confidence interval for 3;

» Notation: 6 = 3; while § = B_; is the vector of the other
[3-parameters.

» Then L(3) can be rewritten as L(6,d) and its maximized
value L(B) as L(9 6) with deviance Dy, = —21n L(¢9 6)

» The profile likelihood function for 0 is defined as

Li(0) = max L(0, 9)

i.e., the maximum of the likelihood function over the
remaining (3-parameters, when f3; is set to the value 6.

» The maximized value of the profile likelihood when 3; = 0 is
then L(6p, 8o) with deviance Dyeq g, = —21n L(6y, &p).

» Using an LR-test, the reduced model with Hy: 3; = 0 is
rejected against the full model if Dyed g, — Drunl > X2(1).

» The confidence interval for 3; consists of the values of ¢ that
cannot be rejected, i.e., where Dyed g, — Drunt < x2(1).
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Wald vs profile likelihood — when to use what

» A Wald test of Hy: 8; = 0 based on the approximate
Bj ~ N(B;, d(B3;)) is OK if it is obvious whether Hy should be
rejected or not, i.e.
> Bj is close to 0 and the P-value is large or
> Bj is far from 0 and the P-value is small.
If the P-value is close to a we should use the LR-test instead.

» For a confidence interval for 3; we want to know what the
value could be, not just whether it is 0 or not. Then we
should always use the profile likelihood method.

» For the linear predictor xo3 ~ N(x00, d(xo,é)) we are not
interested in a test, but only in a confidence interval.
However, there is no suitable null hypothesis to base a
reasonable test on so we cannot use the profile likelihood, but
have to use the Wald-based confidence interval.
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Validation Leverage Residuals Deviance residuals Cook’s distance
Leverage (again)

In logistic regression we have the linear predictors

X8 =XX"WX) 'X"WZ = PZ
where the projection matrix can be re-written as the hat-matrix

P =W/ X(XTWX) ' XTW!/2
and W/2 is a diagonal matrix with elements

W2 = i =pi(l—py), i=1,....n.

The leverage values in logistic regression are the diagonal values v;;
of the hat-matrix. They now depend both on X and Y and, as
such, are no longer indicators of outliers w.r.t. X.

However, they can still be used to standardize residuals.
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Validation ge Residuals Deviance residuals Cook'’s distan
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Validation Leverage Residuals Deviance residuals Cook's distance

Pearson residuals

Simple standardization, since Y; ~ Bin(1, p;) with E(Y;) = p; and

V(Yi) = pi(1 —pi):

Y, — pi -

Ty = AipA (not N(-,-) not even asymptotically!)
pi(1—pi)

Standardized residuals
As in linear regression, we can standardize the residuals using the
leverage:

Y; — 151'
\/pz —pi)(1 —vi)

Ty =

(also not N(-,+))

Plots of r; vs xzﬂ can be useful although it's sometimes more revealing
to plot their squares, e.g. 17 vs Xl,@
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Validation Leverage Residuals Deviance residuals Cook's distance

Q-Q-plot standardised residuals standardised residuals vs linear predictor
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Squared standardised residuals vs linear predictor
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5 . » Not at all normally
. Y distributed.
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Anna Lindgren - anna.lindgren@matstat.lu.se i gistic Regressi



Validation Leverage Residuals Deviance residuals Cook's distance

Deviance residuals, d;

Since L(B3) is a product of probabilities the deviance, D = —21n L(3),
can be seen as a sum of non-negative values and we can rewrite it as a
sum of squares:

D:—Qﬁé@@m@+%l—ﬁﬂml—ﬁﬁ

= Z 2ln—+ Z 21n —ZdQ where

i:Y;=1 Pi i;Y;=0

. 2lh—— ifY,=0
_ 1—p;

d; = T
+4/2In — ifY; =1
Pi

The deviance residual d; will be small if Y; =0 and p; is close to zero, or
if Y; =1 and p; is close to one. Otherwise it will be large.

The deviance residuals can be standardized as d;//1 — v;; ~ N(0,1).

If the absolute value is > 2 or > 3 it can be considered to be too large.
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Validation Leverage Residuals Deviance residuals Cook's distance

Standardised deviance residuals vs linear predictor Standardised deviance residuals vs cars by temp diff
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but not alarming.
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Validation Leverage Residuals Deviance residuals Cook's distance

Influential observations

We can measure the influence of individual observations on the
[-estimates in a similar way as in linear regression.

Cook’s distance
There is a version of Cook's distance for logistic regression:

2
DCook _ T . Vii
' p+1 1—wy

where 7; are the standardized Pearson residuals. We might consider
influential cases those with D% > 1 (not Fy5) or > 4/n.

dfbetas
We also have similar versions of DFBETAS.
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Validation Leverage Residuals Deviance residuals Cook's distance

Cook's distance vs linear predictor by temp diff
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» Some observations with large influence on the estimates.
» Some of them were observations with high leverage.

» But the negative temperature differences are a problem,
especially when the PM;y concentration is not high.
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AIC and BIC again

Information for a model with p 4+ 1 parameters:

AIC(p+1)=2(p+1)—2InL(B) =2(p+1)+ D

BIC(p+1)=lnn-(p+1)—2ImL(B)=Inn-(p+1)+D

Tradeoff between small deviance and large number of parameters: D
decreases and p + 1 increases with p.

The “best” model is the one with the smallest AIC/BIC.

Model df AlIC BIC
O:null 1 535.8 5431
1:cars 2 5152 5237
2:cars+wind 3 5076 5203
red:tempdiff 3 5058 5184
3:cars+zerodiff 3 480.3 4929
4:cars*wind 4 500.6 517.5
5:cars+tempdiff 4 4814 4983
6:cars*wind + zerodiff 5 476.2 497.3

oslo:cars*wind+tempdiff 6 475.4 500.7
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Comparison AIC/BIC Pseudo R2

R? for linear regression (again)

For linear regression we could calculate the fraction of the
variability in Y that was explained by our model by

~ SS(Error)
SS(Totaleorr)’

MS(Error)

R? = 2Tl
MS(Totalcorr)

2
Radj =1

McFadden's pseudo R? for logistic regression
Use the log-likelihood (or deviance) instead of the sum of squares:

InL(B D
Rhg=1- 20 _y D
n L(Bo) Do
InL ,@) —p/2 D+p
R%/IcFadJ - A -
lnL(ﬁo) Dg

with 0 < RfACF < 1 while R%/IcF,adj < 1 and negative if p > Dy — D.
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Comparison AIC/BIC Pseudo R2

(x) Cox-Snell and Nagelkerke pseudo R? for logistic regression

Some other pseudo R? alternatives that are sometimes used:

Reoesnen = 1 — (L(BP)>2/TL
OoxX-dne L(IB)

2
R2 _ RCox—SnelI _
Nagelkerke — -

1— (L(Bo)2/™ 1= (L(Bo))*/

with 0 < R%ox—Sne” <1- (L(BO))WTL and 0 < Rﬁlagelkerke <L

» These cannot be adjusted to compensate for added variables.

» In R you can get the likelihood values using logLik (model)
and calculate them yourself.
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Comparison AIC/BIC Pseudo R2

Example: Olso
Maximum value for RZ g . = 0.658.

Model P+ 1 R%ACF R%/IcF,adj R%ox-SnelI Rﬁagelkerke
0:null 1 0] 0 0 0
l:cars 2 0.048 0.046 0.050 0.076
2:cars+wind 3 0.066 0.062 0.068 0.103
red:tempdiff 3 0.069 0.065 0.071 0.108
3:cars+zerodiff 3 0.117 0.113 0.116 0.179
4:cars*wind 4 0.082 0.071 0.077 0.129
5:cars+tempdiff 4 0.118 0.113 0.119 0.181
6:cars*wind+zerodiff 5 0.132 0.124 0.132 0.200
oslo:cars*wind-+tempdiff 6 0.137 0.127 0.137 0.208

The value of a pseudo R? is not really interpretable but it can be used to
compare models.
The adjusted McFadden agrees with AIC that the full model is best.

Better model comparison tools next week!
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