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Introduction Why? Binomial Odds

Introduction to Logistic regression

» In this part of the course we consider a nonlinear model
(nonlinear in the [3-parameters).

» However, it will be a monotonous transformation of a linear
relationship making it a Generalized Linear Model (GLM)

» Our response variable Y will be a discrete, binary variable
(success/failure, yes/no, etc).

» The nature of the response will make the Bernoulli (a special
case of the Binomial) distribution a natural choice.

» The resulting regression model is called logistic regression,
because we will use a logistic transformation.

» Our expected response will be the probability of success.
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Why is this relevant?

Examples:

» political election: response is win/lose. What factors
(covariates) affect the probability to win? (e.g. money spent
on campaign; age of the candidate etc.)

» result of some medical test (positive/negative): estimate the
probability to have a “positive” result, depending on several
physiological covariates.

» crash test dummies. Probability of “survival” of a dummy,
depending on several test conditions.

> ...

We consider logistic regression with binary response. But extension
to multicategory (or polytomous) response are possible, assuming a
multinomial distributed response, see Lecture 11.
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Introduction Why? Binomial Odds

Example: particles in Oslo

A random subsample of 500 observations from the Norwegian Public
Roads Administration measuring whether the concentration of
atmospheric particles with a diameter between 2.5 and 10 um, PM,

exceeds the limit 50 ug/m3.
High PM10 (=1) or Not high PM10 (=0) vs number of cars
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Introduction Why? Binomial Odds

Binomial distribution (a reminder)

Let Y be the number of successes in n independent trials, each
with the same probability of success, p. Then Y ~ Bin(n, p) with

Pr(Y =k) = (Z)pk(l —p)"* k=0,1,...,n

EY)=mnp, V() =npl-p).
For the estimate p = Y/n we have
R p(l—p . p(l—p
p~ N(p, (n)) I = (p £ Aaj2 (n))

when n is large enough, typically when np(1 — p) > 10.
Warning: If n is too small the interval can go outside [0, 1].
We will have n = 1. Not even close to “large enough”.
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Introduction Why? Binomial Odds

Before (linear regression)

Y;, 2 =1,...,n, were independant continuous variables with
Y; = x;8 + ¢ where ¢, ~ N(0, 0%) & Y; ~ N(u;, 0?)
E(Y;) = pi =x8=Bo+ brza + -+ Bpzip

Now (logistic regression)

Y;, i=1,...,n, are independant discrete variables with two
possible outcomes: success (1) or failure (0) with probabilities
Pr(Yi=1)=p;and Pr(Y; =0)=1—p;

Y; ~ Bin(1,p;) with Pr(Y; = k) = pf(1 —p)' %, k=0,1
E(Y;) = pu; = p; = some function of x;
V(Yi) = pi(1 — p;) also depends on x;

Choosing 11; = p; = x;3 is not good since we need 0 < p; < 1.

We need some form af transformation.
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Introduction Why? Binomial Odds

Odds: number of successes for each failure
The odds of “success” is defined as

Pr(success)  p

dds = =
odes Pr(failure) 1—p

log-odds = Inodds = In

P .
= logit
[, = logl (p)

1
oddsgaijure = —/—— In oddsfajiure = — In oddssccess
Oddssuccess
min middle max
P 0 1/2 1
odds 0 1 00
Inodds —oco 0 oo no bounds!
odds
This gi = —
is gives p T odds
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Logistic Model OR Oslo

Logistic regression model
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Logistic regression model

We assume that
Y; = "success” (= 1) or “failure” (=0)
Pr(Y;=1)=1-Pr(Y; =0) =p;

Y; ~ Bin(1, p;), i=1,...,n, and pairwise independent

logodds; = In T % - = Bo + Brxir + ... + Bpxip = X 08.
(2
eXxiB _ _
This gives p; = T+ oh as a non-linear function of 3.

Parameter interpretation

By = log-odds and ¢” = odds of success when all x5 are 0,
B; = additive change in log-odds and. ..

¢ = relative change in odds when x;j isincreased by 1, j =1,...,p
= odds ratio (OR)
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Model OR Oslo
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Y; ~ Bin(1, p;)
The log-odds is linear:
Inodds; = By + S1x;
The odds is exponential:
odds; = ebot+Bimi — ofo . (eﬂl)ﬂw
The probability is S-shaped:
ePotpBizi
Pi = T BotBiz:
1 + ePothizi

Linear a
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Logistic Model OR Oslo

Interpretation of €”%: odds ratio

» What happens to the odds when we increase x; by 17

eﬁo+/31w1+~~+/3j (z;+1)++Bpxp

= eﬂj
ebotBizit-+Bjrjt++Bpzp

odds ratio = OR =

If 8; = 0.04 then ePi = 1.04 and the odds increases by 4 %.
If 3; = —0.04 then e’ =0.96 and the odds decreases by 4 %.

» What happens to the odds when we increase x; by 107

eBot+B; (x;4+10)+...

OR = eBot++BjTi+...

— elOBj — (eﬁj)lo

If 8; = 0.04 then ()10 = 1.0410 = 1.49 and the odds
increases by 49 %.

If Bj = —0.04 then (%)% = 0.96'° = 0.67 and the odds
decreases by 33 %.
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Logistic Model OR Oslo

Size of the change
Marginal change = derivative (x8 = [y + Six1 + - - - + Bpap):

[
(hbinc:ids i 4 xB=8, constant,
d
d;dés &P = B;e*P = B; - odds, prop. to the odds,
xj dx]

p d B
drj drjl+exP

exﬁ exﬁ
= ﬁj : xﬁ(l - xﬁ) =
1+e 1+e
= B - p(1 —p), prop. to V(Y'|z)

The size of the change in p is largest around p = 0.5 and gets
smaller as p — 0 or — 1.
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Logistic Model OR Oslo

Example: particles in Oslo

A random subsample of 500 observations from the Norwegian Public
Roads Administration measuring whether the concentration of
atmospheric particles with a diameter between 2.5 and 10 um, PM,

exceeds the limit 50 ug/m3.
High PM10 (=1) or Not high PM10 (=0) vs number of cars
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Does the data follow an S-shape? Well. ..
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Logistic Model OR Oslo

We can get a rough estimate of the shape using a moving average
which calculates the average Y-value in an interval moving along

the z-axis.
High PM10 (=1) or Not high PM10 (=0) vs number of cars

1.00 cem e o @es oo oo mem

0.75

High PM10
o
3

0.25

0.00 o cme cmn sammcm o wes o

0 1000 2000 3000 4000
number of cars

Sort of S-shaped. Obviously 81 > 0. More cars give larger
probability of exceeding the concentration limit,
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Maximum likelihood Log-likelihood Null model Full model Newton-Raphson
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Maximum likelihood Log-likelihood Null model Full model Newton-Raphson
How should we estimate 3

Least squares estimates?
> Minimize Q(8) = 1L, (In - — x:8)?

No, In 13/3/ =In0 = —o00 or Inoco = co. Useless!
1

. . . xiﬁ
> Minimize Q(8) = >_ (Vi — pi)* = > (Yi— lj_exiﬁ )*?
No, since V(Y;) = p;(1 — p;) is not constant. We would need
to do a weighted least squares but the weights 1/V (Y;) are

unknown.
(Y=’ i)
L _ n i—Pi)” n 1te™i
> M|n|m|ze Q(,@) — lel pi(l_pi) - ZZ:I exiﬁ (1_ exiﬁ )
14+e%iB 14eXiP

using iteratively re-weighted least squares?
No, it can be done but it is a very inefficient method with a
slow convergence rate.

Totally different method? Yes!
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Maximum likelihood Log-likelihood Null model Full model Newton-Raphson

Maximum likelihood-method
Since we know what type of distribution our data come from,
Y; ~ Bin(1, p;), we can find the 3-values that maximize the
probability of getting exactly the observation values that we got.
This means that we should maximize the likelihood function

L(B;Y)=Pr(Y1 =Y1,...,Y, =Y,) = [indep] HPrY Y;)

n n xif3 xif3
_ i1 _ 1Y € Yi(p _ _© 1-Y;
=k =p =10 - )
—ﬁ< S TR S i
ALY pexiB N g exiB _Z_l 14 exiB

It is easier to maximize the log-likelihood function instead:

InL(B;Y) = f: (XiﬁYi —In(1 + e"’ﬂ))

i=1
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Maximum likelihood Log-likelihood Null model Full model Newton-Raphson

ML-estimate for the Null model, In 2~ =

For the simplest model, having only an intercept, we have

eﬁ()

bi = 1+e[30

and the ML-estimate can easily be derived as

I L(Bo) = (HoYi —In(1+™)) = fo > ¥i —nln(1 + %)
i=1

i=1
dinL(By) < neo
- Y, — =0=
dfo ; " 1+efo
A Y _ number of successes
= 1 - —> D; — Y =
fo . 1-Y pi number of observations
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ML-estimate for the full model: In ;- = x,;3

Find the 3 that maximizes the Iog—likelihood. This means setting
all the partial derivatives equal to 0. First, rewrite using matrices
as much as possible:

InL(B) = Zn: (XzﬂYi —In(1+ exiﬁ)) —

=1

=XB8)"Y - zn: In(1 + eXiP)

i=1
=BTXTY =) In(1 + &)
i=1
Then use 8% = A, 8{‘%5 =AT, dcli% = % % = ¢% and
d
AR = p(g(h(x))) - o' (h(x)) - B ().
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Maximum likelihood Log-likelihood Null model Full model Newton-Raphson

The partial derivatives then become

OInL(B) 1 T T
5 =X"Y — Zx 1+exzﬂ =X'Y -X"p=
Pi

where p is a n x 1 vector with elements p;, i =1,...,n.
The solution should thus satisfy the “Normal equations”

X'p=X"Y

These are nonlinear in 3 and there is no closed form solution. We
need an iterative method, e.g. Newton-Raphson algorithm.
(Not in this course.)
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Maximum likelihood Log-likelihood Null model Full model Newton-Raphson

(*) Estimates via Newton-Raphson (a.k.a. Fisher-scoring)

> Stajt from an arbitrary guess B(O), then iterate until
| B%*+1) — 3) || is small enough.

» A generic iteration k of Newton-Raphson/Fisher-scoring is:
B+ = gtk 1 (XTWRX)1XT(Y —p*)), E=0,1,...
» Here p(*) is estimated using the current B*)
(k) (k))

» W is a diagonal matrix with elements (wy;’, ..., Wny
where wgf) = ﬁgk)(l - ﬁ(k)).

(2

> At convergence (k large) we write W) = W and p*) = p.
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Properties of the ML-estimates of 3

At convergence the ML-estimates of 3 become
B=X"WX)"'XTWZ

where W = Var(Y) is a diagonal matrix with elements

wu:ﬁl(l_f)l)y 1::].,...,71,

Z is a column vector with elements

. Y — b
ZZ:XZ/B—}_#) ,L:]-a ,
pi(1 — pi)
and R
x; 0
hi=— i=1,....n
1+ exiP
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Properties Estimates Distributions Wald Example Probabilities

Asymptotics from likelihood estimation

A~

For all maximum likelihood estimates, @, we have
6—N®O,1.(0) (n— )

where Igigh(0) is the Fisher information matrix, see next slide.
Using the estimated Fisher information matrix, we have

B = Nppa (B, (XTWX) ) (n — o00)
XOB — N(x00, Xo(XTWX)_lxg) (n — o0)

Motivates the Wald test and confidence interval for 3; and
constructing intervals for py based on the log odds x(3.

Warning: for small and medium n the normal approximation is
not good. Confidence intervals for xo3 are usually OK. For 3;, use
likelihood based tests and intervals instead, see Lecture 8.
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Properties Estimates Distributions Wald Example Probabilities

(*) The Fisher information matrix

The Fisher informatzion matrix is defined as
Irish (0) = Eg[— 5155 I L(6;Y)].
The partial derivatives we used in the estimation process,

9In L(B) T ~ 7 e
g XY Lx e
i=1 ————
pi
give all second order partial derivatives as
0 T ~ 1 e
Irish(B) = —W(X Y - ;Xi : m) =

n
= —O@pt1)x(p+1) T ZXI pi(l—pi) - xi =
i=1

= [with p; instead of p;] = XTWX
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Properties Estimates Distributions Wald Example Probabilities

Wald test for 3; (when n is very large)

Does variable x; have a significant effect on the probability of
success, i.e., does it change the log-odds of success?

Wald test
We want to test Hyp: 8; = 0 against Hy: 3; # 0. If Hg is true then

_Bi—0 N(0,1)  ifnis lar
= ~—— ~ N(0, ge
d(;)

and we should reject Hg at significance level « if

Ea
d(;)
Using summary (model) gives Wald tests for the S-parameters.
Warning: For small and medium size data (n < 00) you should use a
likelihood ratio test instead, see Lecture 8.
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Properties Estimates Distributions Wald Example Probabilities

Wald based confidence intervals for log odds (ratios)

If n is large, so that the normal approximation of ,@ is good, we
can construct confidence intervals for §; in the usual way (define
Aq as the a-percentile from N(0,1)):

Inowr, = I, = (Bj £ Aoy - d(5;))-

Warning: Always use a profile likelihood based confidence interval
instead, see Lecture 8. That is what confint () does.

Confidence interval for odds and odds ratios

With I, = (c1,c2) we just exponentiate the bounds to get
confidence intervals for the intercept odds, e and the odds
ratios, %, j =1,...,p:

Is.
IOR‘,- = Ieﬁj =e’i = (ec1’ 602)
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Properties Estimates Distributions Wald Example Probabilities

param. est. s.e. P-value (Wald) 95% C.I. (profile)

Intercept Bo —2.10 0.22 < 0.001 (—2.55,—1.68)

cars/1000 Jo51 0.48 0.10 < 0.001 (0.29,0.67)
param. est. 95% C.1.

Intercept e e 210 =012 (e 25,7 1:68) = (0.08, 0.19)

cars/1000 e 018 =161 (e022,e%07) = (1.34, 1.95)
High PM10 (=1) or Not high PM10 (=0) vs number of cars

Interpretation:

OR =" = 1.61.
The odds of having
High PMyq increases
by 61% when the
number of cars in-
creases by 1000.
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red = fitted line, blue dashed = moving average
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Probability estimates

Since the log-odds is a linear function

i
1111 — = o+ Brzir + - + Bprip = xi3

I

the corresponding probability of success becomes
ePotBiziit+PBpxip eXxi3

pi= 1 + efotbrizat-+PBpip - 1 + exiB

which is a non-linear function of the 3-parameters.

Since x;3 is a linear function of (dependent, approx.) normally
distributed (3-estimates we can construct confidence intervals for
the log odds:

Lip = (xiB £ Xoy2 - d(xiB))

Since p; is a monotonous, increasing, function of x;3 we get

ehxis , .
I, = which always lies in [0, 1]!

1+ efxis
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High PM10 (=1) or Not high PM10 (=0) vs number of cars
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red = fitted line, with 95% confidence interval

Prediction interval? The observations will always be either 0 or 1 so we
will need other methods than intervals here, see Lecture.9.
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