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The many meanings of 
mathematical concepts
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Getting to :

3 one third-jumps, each being 4 tick-
mark steps equals  tick mark 
steps to 1.
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Little Bear Big Bear Mama Bear
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Situations and iconic schematic imagery
Addition - ”lägga ihop” / ”lägga till”

+

f(x, y) = x + y fa(x) = x + a



Subtraction
Take away / compare

-

fa(x) = x − a = f−a(x)



Mathematics (NE)
An abstract and general science for problem solving and  methods development

… and symbol system development
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Symbol systems

1 a set of arbitrary physical tokens that are
2 manipulated on the basis of "explicit rules" that are
3 likewise physical tokens and strings of tokens. The rule-governed 

symbol-token manipulation is based
4 purely on the shape of the symbol tokens (not their "meaning"), i.e., it 

is purely syntactic, and consists of
5 "rulefully combining" and recombining symbol tokens. There are
6 primitive atomic symbol tokens and
7 composite symbol-token strings. The entire system and all its parts–the 

atomic tokens, the composite tokens, the syntactic manipulations both 
actual and possible and the rules– are all

8 "semantically interpretable:" The syntax can be systematically assigned 
a meaning (e.g., as standing for objects, as describing states of affairs) 
(Harnad, 1990, p. 336). 



a, = , + , ⋅
a
b

, = , + , ⋅→
a
b

=
c
d

⇔ ab = cb

a
b

+
c
d

=
ad + cb

bd

a
b

⋅
c
d

=
ac
bd





Relations in symbol 
systems

Situations

iconic representations

Fractions 
(Quiotient constructions)

Part-whole 
Division (partitive, equal sharing) 
Measuring  
Linearity 
Rate 
Ratio 
Proportionality

2

3
10

5
”How many 2’s are there in 10?”

 is a symbol  such that 
a
b

c a = bc

”Epistemological shift”

Ahl & Helenius 2018, 2021

Vergnaud, 2009



Ahl & Helenius, 2021

Grade 5 (”We repeat fractions”)

Upper 
secondary 
grade 1 
(”grade 10”







Ahl & Helenius, 2021
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Polysemy
When one word has several but related meanings

When one concept has several but related meanings

Part-whole 
Division (partitive, equal sharing) 
Measuring  
Linearity 
Rate 
Ratio 
Proportionality

a
b





eiθ = cos θ + i sin θ
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Consequences for teaching?



Thank you for listening


