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AbstractWe consider thermal fluid structure interactionwith a partitioned approach,
where typically, a finite volume and a finite element code would be coupled. As a
model problem, we consider two coupled Poisson problems with heat conductivities
λ1, λ2 in one dimension on intervals of length l1 and l2. Hereby, we consider linear
discretizations on arbitrary meshes, such as finite volumes, finite differences, finite
elements. For these, we prove that the convergence rate of the Dirichlet-Neumann
iteration is given by λ1l2/λ2l1 and is thus independent of discretization and mesh.

1 Introduction

We are concerned with thermal fluid structure interaction, also called conjugate heat
transfer. This occurs in many applications, for example gas quenching, which is an
industrial heat treatment of metal workpieces [8] or the cooling of rocket nozzles
[11, 10]. Here, we follow a partitioned approach [4], where different codes for the
sub-problems are reused and the coupling is done by a master program which calls
interface functions of the segregated codes. This allows to reuse existing software
for each sub-problem, in contrast to a monolithic approach, where a new code is
tailored for the coupled equations.

The standard solution method within a partitioned approach is the Dirichlet-
Neumann iteration. To satisfy coupling conditions at the interface, the subsolvers are
iterated by providing Dirichlet and Neumann data for the other solver in a sequential
manner, giving rise to its name. In particular for the interaction of a compressible
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flow with a structure, the default implementation would be a finite volume method
for the fluid and a finite element method for the structure.

The convergence rate for the interaction of a flexible structure with a fluid has been
analyzed in [14]. There, the added mass effect is proven to be dependent on the step
size for compressible flows and independent for incompressible flows. Furthermore,
for incompressible fluids it is known that the ratio of densities of the materials plays
an important role [1, 3]. Finally, the Dirichlet-Neumann iteration was reported to be
a very fast solver for thermal coupling of the compressible Navier-Stokes equations
with a nonlinear heat equation to model steel [2].

A simplified model of this interaction that allows for analysis are two coupled
linear heat equations with constant material coefficients that jump across the inter-
face. A semidiscrete Dirichlet-Neumann method using implicit Euler in time was
analyzed for domains of different length in [9]. Using Fourier analysis, it was proved
that for large ∆t, the convergence rate is approximately the quotient of heat con-
ductivities, but that for small ∆t, this has to be multiplied by the square root of the
quotient of thermal diffusitivites. A fully discrete analysis with equidistant mesh
widths and domains of equal size was performed in [13, 12], which shows two im-
portant differences to the semidiscrete one. Firstly, the Fourier analysis breaks down
for c = ∆t/∆x2 < 1. In the limit c → 0, the fully discrete analysis shows that inter-
estingly, the limit of the convergence rate for a finite volume finite element coupling
is zero, whereas for coupled finite element methods, it is the quotient another set
of material parameters. Secondly, the convergence rate in the limit c → ∞, differs
from the semidiscrete analysis as well: It is now the aspect ratio in the mesh at the
interface times the quotient of heat conductivities. Finally, we would like to point
out that the numerical results do not show an influence of the size of the domains.
This is notable, since this was proven to be the case for waveform variants of this
method [5].

Summarizing, this leaves a number of questions open. In this article we take a step
back and consider two coupledLaplace problemswith a jump in heat conductivities at
the interface. As it turns out, the convergence rate of the discrete Dirichlet-Neumann
iteration in 1D can be completely analyzed, almost irrespective of discretization
employed and on any mesh! While the quotient of heat conductivities remains a
crucial number, the ratio of lengths of the domains suddenly plays a role [6].

The problem we analyze is the one dimensional transmission problem. Given are
two connected intervals Ω1 = [a, xΓ] and Ω2 = [xΓ, b]. To make the notation easier
extendable to the multidimensional case, we also introduce the interface Γ = {xΓ}.
The transmission problem in one dimension is given by

λiu′′i (x) = fi(x), x ∈ Ωi, (1)
u1(x) = u2(x), x ∈ Γ, (2)

λ1u′1(x) = λ2u′2(x), x ∈ Γ, (3)
u1(a) = 0, u2(b) = 0, i = 1, 2. (4)

Here, λi are the respective heat conductivities and the fi(x) ares forcing functions.
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2 Dirichlet-Neumann iteration

The algorithm starts with an initial guess of u2(xΓ). With this approximation we
solve a Dirichlet problem on Ω1, which will give us a function u1

1. We then solve the
problem onΩ2 with a Neumann condition on Γ, given by λ1

λ2
(u1

1)
′(xΓ). The solution to

this problem us called u1
2. This process continues with uk

1 and uk
2 being the functions

for the kth iteration. The continuous Dirichlet-Neumann iteration can thus be written
as:

Given u0
2(xΓ), solve in sequence the following problems:

λ1(uk+1
1 )

′′(x) = f1(x), x ∈ [a, xΓ]

uk+1
1 (a) = u1(a) and uk+1

1 (xΓ) = uk
2 (xΓ)

(5)

λ2(uk+1
2 )

′′(x) = f2(x), x ∈ [xΓ, b]

(uk+1
2 )

′(xΓ) =
λ1

λ2
(uk

1 )
′(xΓ) and uk+1

2 (b) = u2(b).
(6)

Each iteration requires us to solve twoPoisson equations, onewithDirichlet boundary
conditions and one with a Dirichlet and a Neumann boundary condition.

Now we formulate a discrete version on an abstract level. A linear discretization
of the Dirichlet problem on Ω1 can be written as the following linear system:

λ1 A(1)ūk+1
1 = b(1)u1(a) + f̄ (1) − λ1 A(1)

Γ
uk

2Γ, (7)

where ūk+1
1 and f̄ (1) are the discrete representations of uk+1

1 and f1. Similarly, a
linear discretisation of the Neumann problem on Ω2 has an additional unknown on
the interface and can be written as:

λ2

[
A(2) A(2)

Γ

d(2) d(2)
Γ

] [
ū2

k+1

uk+1
Γ

]
=

[
b(2)u(b) + f̄ (2)

f (2)
Γ
− f (1)
Γ
+ λ1d(1)ūk+1

1 + λ1d(1)
Γ

uk
Γ
,

]
(8)

where ūk+1
2 and f̄ (2) are the discrete representation of uk+1

2 and f2. Additionally, we
assume that the discretization has a nodal value associated with the boundary and
call that uk

Γ
. Furthermore,

d(1)uk
Γ + d(1)

Γ
ūk+1

1 ≈ (uk+1
1 )

′(xΓ) (9)

and
d(2)uk+1

Γ + d(2)
Γ

ūk+1
2 ≈ (uk+1

2 )
′(xΓ) (10)

are discrete approximations of the derivatives at the interface.
Combining these discretisation into one linear system results in a description of

one step of the discrete Dirichlet-Neumann iterion. Given uk
Γ
, solve:
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λ1 A(1) 0 0

0 λ2 A(2) λ2 A(2)
Γ

−λ1d(1) λ2d(2) λ2d(2)
Γ



ūk+1

1
ūk+1

2
uk+1
Γ

 =

b(1)u1(a) − λ1 A(1)

Γ
uk
Γ
+ f̄ (1)

b(2)u2(b) + f̄ (2)

f (2)
Γ
− f (1)
Γ
+ λ1d(1)

Γ
uk
Γ

 . (11)

xk xk+0.5 xk+1

uk

uk+1

Fig. 1 The numerical flux, Fk+0.5, is the slope of the dashed line.

Here, we consider in several different discretizations. Firstly, a finite volume
discretization based on control volumes Ck = [xk−1/2, xk+1/2] on which we have∫

Cl

(λu′(x))′dx = λu′(xk+1/2) − λu′(xk−1/2).

We then use the numerical flux

λu′(xk+1/2) ≈ Fk+0.5 = λ
uk+1 − uk
∆xk

,

which gives a second order approximation, see Figure 1. The derivative approxima-
tions (9) and (10) are then given by integrating over the first cell:∫ x1/2

a

u′′dx = u′(x1/2) − u′(a) =
∫ x1/2

a

f dx.

Approximating u′(x1/2) by the numerical flux function gives

d(1) = (1, 0, . . . , 0)T /∆x, d(1)
Γ
= −1/∆x1.

Secondly, we consider standard linear finite elements. There, the derivative ap-
proximations are obtained from the weak form by integration by parts and integrating
over [a, a + ∆x]. This results in the exact same algebraic expression as above.

Finally, there are second order central differences, with the derivative approxima-
tions given by a onesided second order difference.

3 Analysis of convergence rate

To find the convergence rate of the Dirichlet-Neumann algorithm we first have to
determine the iteration matrix. Instead of analyzing the matrix in (11), it is better
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to reformulate the problem in terms of the interface unknown uk
Γ
only. In the one

dimensional case considered here, this reduces the iterationmatrix to a scalar,making
the computation of the spectral radius trivial. We thus have an iteration

uk+1
Γ = Σuk

Γ + α, α independent on k . (12)

To get an expression for uk+1
Γ

, we start by taking the Schur compliment of (11) with
respect to this unknown. With this we get an equation for uk+1

Γ
:

Suk+1
Γ = f (2)

Γ
− f (1)
Γ
+ λ1d(1)

Γ
uk
Γ − (−λ1d(1))(λ1 A(1))−1(b(1)u1(a) + f̄ (1) − λ1 A(1)

Γ
uk
Γ)

−(λ2d(2))(λ2 A(2))−1(b(2)u2(b) + f̄ (2)),

S = λ2d(2)
Γ
− (λ2d(2))(λ2 A(2))−1(λ2 A(2)

Γ
).

Next we put everything that does not dependent on k into a new constant α1.

Suk+1
Γ = λ1(d

(1)
Γ
− (d(1))(A(1))−1(A(1)

Γ
))uk
Γ + α1

⇒ uk+1
Γ =

λ1

λ2

d(1)
Γ
− (d(1))(A(1))−1(A(1)

Γ
)

d(2)
Γ
− (d(2))(A(2))−1(A(2)

Γ
)
uk
Γ + α,

where α is again independent of k. From this we get the iteration matrix

Σ =
λ1

λ2

d(1)
Γ
− d(1)(A(1))−1 A(1)

Γ

d(2)
Γ
− d(2)(A(2))−1 A(2)

Γ

. (13)

The convergence rate is then µ = |Σ |.
First, we present a proof for the asymptotic convergence rate under the weak

assumption that we have convergent discretizations and additional assumptions on
the discretization at the boundary.

Theorem 1 (Aymptotic convergence rate)
Consider linear discretizations for the problems (5)-(6) with n1, respectively n2

unknowns. Let these be convergent in spacesV1 andV2. Let furthermore the bound-
ary conditions at the interface be enforced strongly and the derivative approximations
(9)-(10) be convergent. If these discretisations are used in the Dirichlet-Neumann
algorithm, (11), then the asymptotic convergence rate is

lim
n1,n2→∞

µ =

����λ1l2
λ2l1

���� .
Proof The convergence rate is given by (13). We first analyze the nominator:

d(1)
Γ
− d(1)(A(1))−1 A(1)

Γ
= d(1)
Γ
+ d(1) ȳ,

with A(1) ȳ = −A(1)
Γ
. By (7), A(1) ȳ = −A(1)

Γ
, is a discretisation of:



6 Morgan Görtz and Philipp Birken

y′′(x) = 0, y(a) = 0 and y(xΓ) = 1,

which has the solution y(x) = (x − a)/l1 with derivative y′(x) = 1/l1. Since the
discretization is convergent, the discrete approximation yh converges to y.We further
note that

d(1)
Γ
+ d(1) ȳ = d(1)

Γ
yh(xΓ) + d(1) ȳ (14)

is a convergent discrete approximation of y′(xΓ). Thus

lim
n1→∞

d(1)
Γ
yh(xΓ) + d(1) ȳ = 1/l1.

Next we analyze the denominator:

d(2)
Γ
− d(2)(A(2))−1 A(2)

Γ
= d(2)
Γ
+ d(2) z̄,

with A(2) z̄ = −A(2)
Γ
. We discretize the following differential equation with the Neu-

mann discretisation, see (8):

z′′(x) = 0, z′(xΓ) = −
1
l2
, z(b) = 0,

where the exact solution is z(x) = b−x
l2

with z′(x) = 1/l2. The corresponding system
defining the coefficients z̄ of this discretisation is:[

A(2) A(2)
Γ

d(2) d(2)
Γ

] [
z̄

zh(xΓ)

]
=

[
0
− 1

l2

]
,

where we see that the first equation is the definition of z̄. Because this is a convergent
discretization and the last equation is a convergent approximation of z′(xΓ):

lim
n2→∞

d(2)
Γ
+ d(2)ḡ = −

1
l2
. (15)

Combining (13), (14) and (15) finishes the proof. �

The assumptions in this theorem hold for any of the discretizations mentioned.
Note in particular that no assumptions are made on the derivatives of the numeri-
cal solution, but only on the derivative approximations used within the Dirichlet-
Neumann iteration. The finite volume discretization as described does not use a
reconstruction procedure and thus the corresponding solution has a zero derivative
at the boundary. This is not a problem for the theorem and infact, the derivative
approximation in the algorithm comes from the flux.

For specific discretizations, it is possible to prove that the asymptotic rate is
attained all the time.

Corollary 1 If the discretisations in Theorem 1 approximate a function inP1 exactly,
then the convergence rate of the discrete Dirichlet-Neumann iteration is
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Fig. 2 Exact solution and discrete solution after 1,...,4 iterations. Left: FDM-FVM coupling on
equidistant mesh on the domain [0, 2], [2, 3]. Right: FEM-FVM coupling with λ1 = 1, λ2 = 2 and
mesh following (16) on the domain [0, 1], [1, 2].

µ =

����λ1l2
λ2l1

���� .
Proof Follow the proof of Theorem 1 and remove all the limits by using the extra
condition. �

This is the case for the linear finite elements, the second order central differences
and for the finite volume discretization with an additional reconstruction procedure.

4 Numerical Results

We tested four different strategies when choosing the grids xI s and yI s for each test
performed. The first strategy is the equidistant distribution. The second strategy is
using pseudo-random uniform distribution, the third has grid points concentrated
around the interface, xΓ, and the fourth has grid points concentrated around the
boundary points a and b. The points for the second and third strategy are generated
by starting with an equidistant mesh on [0, 1]. These points are then put into the
functions:

fl(x) =
ex − 1
e − 1

and fu(x) = f −1
l (x) = ln(x(e − 1) + 1). (16)

This creates new sets that are either concentrated around 0 ( fl) or 1 ( fu). Next the
values in the sets are sorted, scaled, and offset to be between the wanted boundary
values. For the third strategy we used fu for the xI

i s and fl for the yIi s, the fourth is
vice versa.

Three tests were performed using an implementation in Python [7]. The first test
varied λ1, λ2, the second l1, l2, and the third the resolutions n1 and n2. In all tests
we set λ1 = λ2 = 1, l1 = l2 = 1 and n1 = n2 = 100 unless stated otherwise.
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Furthermore, we choose f1(x) = sin x and f2(x) = cos(3x). The numerical and exact
solution is visualised in Figure 2.

For each test we computed the observed convergence rate as:

max
k=0,...,9

���� ek
ek−1

���� ,
where ek = |uk(xΓ)−u(xΓ)|. These testswere performed for all possible combinations
involving the three discretizations
• linear finite elements
• second order central differences
• finite volumes with a central flux
In all cases, the difference between the convergence rate and λ1l2

λ2l1
was negligible.
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