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Take home exam 2019

The take home exam should be solved individually and be presented in written form (hand-
written is ok as long as it is easily readable). All solutions should be clear, concise, and
well motivated. Please start a new problem on a new page. Write your name on all pages.
If you do not solve all problems, please indicate this as well, so that we know and do not
spend time searching for any "missing" solutions.

You may not discuss the exam with anyone other than the teaching staff; we expect you
to honor this. Please state on your exam that you have not collaborated with anyone when
solving it and sign with your name.

NOTE: You should either solve part A or part B, but do not need to solve both. If solving
part A, you can only obtain a passing grade in the course; if you wish to obtain a higher
score, you should instead solve part B.

The exam is due on 21/1, at 13.15. Please hand in your exam to Andreas Jakobsson or
to the course secretary, Susann Nordqvist. If you have problems with the interpretation of
any part, please get in touch!

We hope you have enjoyed the course and have found it rewarding. Please take the time to
complete the course evaluation. This helps us to make the course better and future students
will love you for it. All forms of feedback on the course is much appreciated.

Good luck!
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Part A

If you only seek a passing grade in the course, you should solve this part of the exam. You
do not need to solve this problem if you solve part B of the exam. You can only obtain a
pass or fail grade on this problem.

Problem

Let X and Y denote two independent normal random variables, each with zero mean and
variance σ2. Determine all values of the constant c such that

yt = cos(ct)X + sin(ct)Y

is a weakly stationary process.
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Part B

If you seek a grade higher than pass, you should solve this part of the exam. You do then
not need to solve part A of the exam.

Problem 1

Time series often contain large values not following the overall pattern of data, so-called
outliers. Since these outlying data (heavily) affect the modeling and prediction result, they
should be detected and their effect should be reduced/eliminated. When simply removing
them from the time series, a new problem occurs – that of missing data, which in turn leads
to the need for a reconstruction of the missing process value(-s).

Suppose that we have observed y1, y2, y3, y6, but have missed the observations y4 and
y5 of a real-valued Gaussian ARMA(1,1) process with V{et} = 1.2. Obtain the optimal
reconstruction of y4 and y5, when a1 = −0.95 and c1 = 0.8, and compute the covariance
matrix for the reconstruction errors. (7 marks)

Problem 2

Consider the system
yt +ayt−1 = but + et

where ut is a known external signal formed as a white noise with variance λ 2, whereas
et is an unknown corrupting noise sequence which we model as a white Gaussian noise
with variance σ2. If using the least squares method, how does the external signal affect the
precision in the estimation of the unknown parameters a and b? Use asymptotic expression
for the variance in your calculations, and express your results in terms of the signal-to-noise
ratio, here defined as

η = λ
2/σ
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How large should one select η to ensure that the variance of the a parameter is halved as
compared to the case then there is no input present. What happens in the limit, i.e., when
η is very large or small? Comment on your results. (7 marks)

Problem 3

Measuring 200 samples of a time series, xt , gave the following estimated sample statistics:

Mean: m̂x = 3.82
Variance: r̂x(0) = 1.15

ACF: ρ̂x(1) = 0.427
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ρ̂x(2) = 0.475
ρ̂x(3) = 0.169

a) Based on these statistics, is it reasonable to assume that xt−mx is a white noise?
(2 marks)

b) Assuming that xt−mx can be well modelled as the AR(2) process

xt−mx +a1(xt−1−mx)+a2(xt−2−mx) = et

with et denoting an additive white zero-mean Gaussian noise with variance σ2
e , find

the estimates of a1, a2, and σ2
e . (2 marks)

c) Can one using this model conclude that mx 6= 0? (2 marks)

d) Construct 95% (approximative) confidence intervals for a1 and a2. (2 marks)

Problem 4

Recursive least squares estimation with forgetting factor λ is one possible tool for handling
time variations of the model parameters. In connection with modeling financial time series,
there is normally reason for pondering such time variations. In particular, it is worth not-
ing that the properties of the parameter estimates will change if estimating the parameters
recursively. Consider a process

yt = but + et

for t = 1, . . . ,N, where et is a white Gaussian noise and ut is a deterministic signal such that

lim
N→∞

1
N

N

∑
t=1

u2
t

exists. The unknown parameter b is estimated by minimizing

b̂ = argmin
b

N

∑
t=1

λ
N−t (yt−but)
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where 0 < λ ≤ 1. Compute the variance of this estimate, V (b̂).

a) Let λ = 1. Show that V (b̂)→0 when N→∞. (4 marks)

b) Let ut = u, where u is a constant and assume that λ < 1. What happens with V (b̂)
when N→∞? Comment on the result! (4 marks)
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