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Linear prediction

A linear prediction is formed as a weighted sum of earlier observations, such
that

n
Ytk = Z WeYt—e
=0

For a Gaussian process, the optimal predictor is linear, and is thus the same as
the optimal linear predictor. This predictor is determined such that

n
C{yN+k - ?jN-Hc\vat} = C{yN+k - szwa/ayt} =0
=0

That is, the optimal predictor is such that the resulting prediction error is un-
correlated with the earlier observed measurements. This is but a reformulation
of the orthogonality principle.
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Linear prediction
The optimal (linear) k-step prediction error is
C=F { [unsx — @NH«\N]Z} =V {ynir —Insrn}
=C {yN+k — UN+EINS yN+k}

n
=V {ynir} — > weC{yn—e,yn+r}
£=0

as YN+k — Yn k(N is orthogonal to G yx|N-
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Linear prediction

Ezample: Consider the MA process y; = e; + c1e4—1, and assume that y; and
y2 have been observed. The optimal linear prediction of y3 can then be found
by noting that

Clys —wiyr — way2,yr} =0

for k =1 and k = 2. Thus,

ry(2) — w1y (0) + wary(1) =0
ry(1) — wiry (1) + wary(0) =0

implying that

and thus
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o Prediction of ARMA processes
We will now consider predicting an ARMA(p,q), such that
A(z)yr = C(2)er
implying that
C(z) S
Yt+k = metw = ZZ(:)W@HkJ
k-1 )
= Z Yeetpk—e + Z Yeeiik—e
=0 =k
= F(2)ersr + wawk—ﬂ
o=k
= F(2)etn + szet—z
=0
where F(z) is monic as A(z) and C(z) are. Thus,
F)=1+fiz"" 4+ ...+ fraz *
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Prediction of ARMA processes
Proceeding, let

o0
Yok = F(2)ern + ZWH
=0

= F(2)erk + %Bt
G,
) Ct+k

= F(2)epn +27F
where the polynomials G(z) and F'(z) satisfy the Diophantine equation
C(2) = A(2)F(z) + 27%G(z)

with
ord{F(z)} =k—1
ord {G(2)} =max(p—1, ¢ — k)

with ord {F(2)} denoting the order of the polynomial F(z). Note that G(z) is
generally not monic.

Lunp

Prediction of ARMA processes

The optimal linear prediction is formed as

G4kt (©) = E{y1+1|O}

where -
e=[0" Y]]
with @ denoting the model parameters and
T
Yt:[yl il/t]

Thus,
Yeh)t(©) = E {yr+1 O}

= E{F(z)er‘G)} + E{z’k igz; er‘@}
E {z’k%et%‘@}

G() A)
b { A=) C() "

o} = ey
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Prediction of ARMA processes

The part that may not be predicted, the prediction error, may thus be written
as

€rkt(©) = Yot — Jet1(©)

Gl G

= F(2)epr + C(z)yl’ C(z)y/,

= F(2)ettk
implying that the prediction error should behave as an MA(k — 1) process, with
Vi (©)} =1+ ff+...+ fi ) o?

For a Normal distributed process, the (1 — «) confidence prediction interval can
therefore be expressed as

Yokt T Uas20er/1+ [T+ + fiy

where u4/2 denotes the o /2 quantile in the standard Normal distribution.




e Prediction of ARMA processes
Ezample: Compute the 5-step prediction of the SARIMA process
(1-0.22"H)Vioy = (1 —0.32712)¢,
Thus,
Alz)=(1-02"H(1-212)=1-02"" — 2712 40.2:718
C(z)=1-10.32712
implying that p = ord {A(2)} = 13 and ¢ = ord {C(z)} = 12. For k = 5,
ord{F(z)} =5—-1=4
ord{G(2)} = max(13 -1, 12— 5) =12
Performing the polynomial division yields
F(z) =1+022"1 4022272 4023273 +0.2427*
G(2) =0.2° 4 0.7277 = 0.2°2712
Thus, (1 —0.327'2),15(0) = (0.2° +0.7277 — 0.2°271?)y,, implying that
Gegst(©) = 0.2%y, + g7 — 0.2%y,_12
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Prediction of ARMA processes
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Ezample: Compute the 4-step prediction of the SARIMA process
(1408271 +0.827H)Vauy, = (1 4+ 04271 +0.6271)e;

For this process, p = ord{A(z)} = 26 and ¢ = ord{C(z)} = 14. Thus,
ord{F(z)} =k —1=3 and ord {G(2)} = max(p — 1, ¢ — k) = 25, yielding

F(z) =1—-04z"1 - 048272 4 0.7042°
G(z) = —0.1792 — 0.56322 7" + 06270 + 2720 +0.4272 +0.1792272* + 0.563222°

Note that the prediction error behaves like an MA(3).
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Prediction of ARMAX processes

We proceed to the prediction of ARMAX processes, i.e.,

A(2)yr = B(2)zy + C(2)eq

where
B(z) =baz~ "+ bap1z T 4 bz
Then,
Ytk %ytﬂ
1 —k
= G AOFE) + 2766 b
= e {FOAC + G}

which yields

1

Ytk = m {F(Z) [C(Z)€t+k + B(Z)It+k] + G(Z)yt}
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Prediction of ARMAX processes

We proceed to rewrite

F(z)B(2)

WZ'H,;C = F(Z).IH,]C + %.’Iit

C(z)

where the polynomials F'(z) and G(z) are obtained by solving the corresponding
Diophantine equation, i.e.,

F(2)B(z) = C(2)F(2) + 2 *G(2)
Thus,
ord {F(z)} =k-1
ord {G(z)} =max(g—1,s—1)
where we used that ord {F(2)B(z)} = k — 1 + r. This implies

Yok = F(2)ern + %mwk + %yt
G(z) G(z)

= F(2)err + F(2)wrpn + o)™ " o
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Prediction of ARMAX processes

This gives the k-step prediction

Qt+k|t(®) = E{y1+x|®}
G(z)

= FOB(eO) + PP (r1410) + GBI} + G Plule)
= F(2)E{z141|®} + ggz;“ + ggjw

Thus, .
€rrk|t(©) = F(2)errr + F(2) T4k

If e; and x; are independent,
Vierrn(©)} = V{F()ere} + V{E(2)a114|O}

k—1 k—1k—1

= fio? +Zz,fzfp0{xt+g,:1:t+p\®}

(=0 (=0 p=0




