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Take home exam 2018

The take home exam should be solved individually and be presented in written form (hand-
written is ok as long as it is easily readable). All solutions should be clear, concise, and
well motivated. Please start a new problem on a new page. Write your name on all pages.
If you do not solve all problems, please indicate this as well, so that we know and do not
spend time searching for any "missing" solutions.

You may not discuss the exam with anyone other than the teaching staff; we expect you
to honor this. Please state on your exam that you have not collaborated with anyone when
solving it and sign with your name.

The exam is due on 21/1, at 13.15. Please hand in your exam to Andreas Jakobsson or to
the course secretary, Maria Lövgren (MH:225). If you have problems with the interpreta-
tion of any part, please get in touch!

We hope you have enjoyed the course and have found it rewarding. Please take the time to
complete the course evaluation. This helps us to make the course better and future students
will love you for it. All forms of feedback on the course is much appreciated.

Good luck!
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Problem 1

Let {xt} denote a sequence of independent normal random variables, each with zero mean
and variance σ2. Determine the values of the constant c such that

yt = cos(ct)xt + sin(ct)xt−1

is a weakly stationary process.

Problem 2

When doing numerical linear interpolation of a time series, one usually replaces a missing
value with the mean value of the two surrounding measurements. Suppose that we have an
AR(1) process

yt +ayt−1 = et ,

where et is a white Gaussian noise with variance σ2
e , and that we want to reconstruct a

missing value in the process by using the data values just before and after the missing
value, i.e., to reconstruct yt using yt−1 and yt+1.

(a) Compute the reconstruction of the missing value that minimizes the variance of the
reconstruction error.

(b) Compute the minimum variance of the reconstruction error and also the improve-
ment in error variance you get by using the optimal reconstructor instead of a linear
interpolation (which is formed as the average of yt−1 and yt+1).

(c) Are there AR(1) processes for which linear interpolation is optimal? Conversely, for
which stationary AR(1) processes does the linear interpolation perform the worst?

Problem 3

The first lags of the autocovariance sequence for the sunspot numbers {xt}, for t = 1, . . . ,100,
have been estimated to be

rx(0) = 1382.2
rx(1) = 1114.4
rx(2) = 591.73
rx(3) = 96.216

Use these values to determine a1, a2, and σ2
e for the AR(2) model

yt +a1yt−1 +a2yt−2 = et

where et ∈ N(0,σ2
e ) and yt = xt − 46.93, for t = 1, . . . ,100. Assuming that the data are a

realization of an AR(2) process, determine the 95 % confidence interval for a1 and a2.
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Problem 4

Many time series exhibit a time-varying behavior and then requires a recursive formulation
of the parameter estimator. Recursive least squares estimation using a forgetting factor, λ ,
is one possible tool for treating such time variations of the model parameters. However,
it should be noted that the properties of the parameter estimates will be changed when
recursively forming the estimates. Let yt be a real-valued process described as

yt = but + et

for t = 1, . . . ,N, where et is a white Gaussian noise with variance σ2
e , and ut is a determin-

istic signal such that

lim
N→∞

1
N

N

∑
t=1

u2
t

is finite. The unknown parameter b is estimated as

b̂ = argmin
b

∑
N
t=1λ

N−t[yt−but
]2
,

where 0 < λ ≤ 1.

a) Find an expression for V{b̂}.

b) Let λ = 1. Show that V{b̂}→0 when N→∞.

c) Let ut = u0, where u0 is a constant, and let λ < 1. What happens with V{b̂} when
N→∞? Comment on the result.
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