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1 Point estimation

1. State the point estimation problem, using loss functions and risk functions.
Show that it is not possible to obtain a uniformly best estimator. What ap-
proaches are there to solve that problem?

2. Define group families and exponential families of distributions. Give two exam-
ples on each.

3. Assume X has an exponential family distribution. Derive the moment generat-
ing function, and show how this can be used to obtain the moments.

4. What is a sufficient statistic, and how does randomization enter? Assume δ is
an estimator based on X ∼ Fθ and δ′ an estimator based on a sufficient statistic
T : Relate the risk of δ(X) to that of δ′(T ).

5. Derive the sufficient statistic in a sample of size two for a Poisson distribution.

6. State and prove a necessary and sufficient condition for a statistic to be sufficient
in a finite family of distributions.

7. State and prove Basu’s theorem.

8. State and prove the Rao-Blackwell theorem.

9. Assume T is a complete sufficient statistic for F = {Fθ : θ ∈ Ω}. Let g(θ)
be U-estimable, and L(θ, d) a loss function convex in d. Show that there is
an unbiased estimator that uniformly minimizes the risk in the set of unbiased
estimators. What is this estimator called when the loss is quadratic?

10. In which practical situation does one need inverse binomial sampling? (Why
does not ordinary binomial sampling work?) Derive the distribution for the
relevant r.v.
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11. Let F be a family of distribution and G a group of transformations of X , the
sample space. Describe the principle of equivariance (introduce the relevant
groups and explain how they relate to each other and the inference problem)?

12. Give necessary and sufficient conditions for an estimator to be MRE.

13. Show that a equivariant estimator has constant bias, variance and risk. Explain
why this is important and how it relates to finding the MRE.

14. What is the setup for Bayesian inference? Assume quadratic loss function, and
give an expression for the (a posteriori) Bayes estimator.

15. Explain how one derives the Bayes estimator of p when x is an observation of
X ∈ Bin(n, p). Which distribution for the prior do you use? What distribution
will the posterior be?

16. What is the relation between minimax estimators, Bayes estimators and least
favourable distributions?

17. Assume a Bayes estimator has a Bayes risk that is equal to the maximum risk.
Is it minimax? If so, is it unique?

2 Decision theory

1. Let δ be a decision function. What are the possible decisions (i.e. the range
of δ) for (i) point estimation, (ii) confidence intervals, (iii) hypothesis testing.
How is an optimal decision defined? Do optimal decisions always exist?

2. What is the difference between invariant and equivariant decisions? In what
situations do they occur?

3. What is an L-unbiased test? Give an example for hypothesis testing.

4. State and prove the Neyman-Pearson lemma.

5. Find the most powerful level α test for H : ξ = ξ1 versus K : ξ = ξ2, based on
an observation x of X ∈ N(ξ, σ2), with σ2 known and ξ unknown.

Good Luck!
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