
Mathematical Statistics Exam 2017-01-10 at 8:00–13:00
Centre for Mathematical Sciences MASA01B
Lund University Inference theory

Complete solutions to all problems are required. Models should be specified, approximations and
conclusions should be specified and motivated.

Problems 1, 2 and 3 can give a maximum of 10 points each. Problems 4, 5 and 6 can give a maximum of
20 points each. The maximum total on the exam is 90 points. The limit for Pass (P) is at least 45 points,

and the limit for High Pass (HP) is at least 67 points.

Only the paper sheets provided by the institute in the exam room shall be used, both for solutions and for
sketches/notes.

Each problem solution shall start at the top of a new paper.

Write your ID number on each paper that you hand in.

Red pencil or pen is not allowed.

Calculators are allowed. Only statistical tables provided by the institute are allowed. No other tables or
formula sheets are allowed.

1. Suppose X is a random variable with probability density function

f(x) =

{
1
2θ , −θ ≤ x ≤ 0,
1
2θe

−x/θ, x ≥ 0.

and suppose we have observations −2.3,−4, 1.4,−5.1, 1.7 of X. Find the Maximum Likelihood
estimator of θ.

[10p]

2. The number of trials (including the last one) until an event A occurs for the first time can be
described by the geometric distribution, with unknown parameter θ = P (A). Suppose that an
experimenter performs trials until the event A occurs for the first time and gets the results
that 3 trials are needed. Derive the Maximum Likelihood estimator of θ. Make an exact test
of the hypotheses

H0 : θ ≥ 1/25,

H0 : θ < 1/25.

[10p]

3. The fasting blood sugar value of an individual can be modeled as a Normal r.v. with some
expectation and variance. In a small study at a major hospital in Sweden one has collected
fasting blood sugar values for patients that have been placed (at random) into two groups:
group A and B. All patients in group A were put on a diet that was low on carbohydrates and
told to go about their business as usual, while all patients in group B were given a strict one-
hour-exercise-per-day schedule and were allowed to eat ”as usual” (and more if they needed).
After a week all patients had their blood sugar values measured and the results were

Group A 5.07 6.20 7.71 5.52 6.39 4.98 6.14 5.39

Group B 3.88 3.60 3.37 4.56 6.17 4.45 5.02

Assuming that the variance in the two groups were the same, construct a 95% confidence
interval for the difference in the expected blood sugar values between the two groups. [10p]
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4. The number of particles that decay in a radioactive piece of material during a time period
t (seconds) can be assumed to be be distributed as a Poisson r.v. with expectation θ · t. A
physicist counts x = 26 particles that decay during t = 5 seconds.

(a) Calculate the least squares estimator of θ. [10p]

(b) Perform a test on significance level 0.01 of the hypotheses

H0 : θ ≤ 3,

H1 : θ > 3.

[10p]

5. Suppose that the delay s (milliseconds) of a switch A and delay t (milliseconds) of switch B
has a possibly linear effect on the delay y of a transmission of a pulse from an amplifier. A
suitable model for the delays relations is

yi = β0 + β1(si − s̄) + β2(ti − t̄) + εi,

for i = 1, . . . , n, with εi i.i.d. N(0, σ2)-distributed errors. From previous experiments it is
known that σ2 = 0.25. An engineer performed a test on the amplifier in which she ran n = 100
pulses through the amplifier and measured the values of s, t and y for the 100 pulses. The
data can be summarised (on matrix form) as

(XTX)−1 =

 1.000000e− 02 −2.552650e− 19 −4.861675e− 18
−2.552650e− 19 1.225655e− 01 −9.454453e− 03
−4.861675e− 18 −9.454453e− 03 1.092909e− 01

 ,

XTY =

 57.586052
1.524667
6.091242

 ,

s̄ = 0.5315282,

t̄ = 0.4853135.

(a) Does the delay s in switch A have an effect on the total delay y? [10p]

(b) Make a 95 % confidence interval for the expected total delay y, when the delay is s = 0.5
in switch A and delay is t = 0.4 in switch B. [10p]

6. Suppose that the two independent r.v. X and Y have unknown distribution functions F and
G respectively. Suppose that θ =

∫
x2dF (x) and η =

∫
ydG(y) are unknown parameters, that

we would like to estimate. Suppose that we have 10 observations of each r.v.

xi 0.193, 0.137, 0.614, 0.710, 0.553, 0.0629, 1.83, 5.21, 0.227, 1.61

yi 1.43, 0.283, −0.245, 0.849, −0.702, −0.242, 0.340, 0.784, −1.59, 0.406

(a) Calculate the plug-in estimators of θ, η and θ − η. [6p]

(b) Construct an approximate 95 % two-sided confidence interval for η. (Motivate your ap-
proximations; you may treat the number 10 as a large number.) [8p]

(c) Construct simultaneous confidence intervals for θ and η with (approximate) joint confi-
dence grade 0.95. [6p]
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