
Mathematical Statistics Exam 2018-10-26 at 8:00–13:00

Centre for Mathematical Sciences MASA01 A

Lund University Probability theory

Complete solutions to all problems are required. Models should be specified, approximations and
conclusions should be specified and motivated.

Problems 1, 2 and 3 can give a maximum of 10 points each. Problems 4, 5 and 6 can give a maximum of
20 points each. The maximum total on the exam is 90 points. The limit for Pass (P) is at least 45 points,

and the limit for High Pass (HP) is at least 67 points.

Only the paper sheets provided by the institute in the exam room shall be used, both for solutions and for
sketches/notes.

Each problem solution shall start at the top of a new paper.

Write your ID number on each paper that you hand in.

Red pencil or pen is not allowed.

Only statistical tables provided by the institute are allowed. Electronic calculators are allowed. No other
tables or formula sheets are allowed.

1. Suppose that Ω = {1, 2, . . . , 6}. Let F = {Ω, ∅, {1, 3, 5}, {2, 4, 6}}. Let X be a function defined
on Ω by

X(ω) =

{

1, if ω = 1, 3, 5,
0, if ω = 2, 4, 6.

(a) Is X a random variable on (Ω,F)? (Motivate your answer.) [4p]

(b) Suppose instead that F1 = P(Ω) is the power set and that P is a probability on F1,
defined by P (1) = P (2) = 1/4 and P (3) = P (4) = P (5) = P (6) = 1/8. If X is the
function defined above, find the probability mass function of X. [6p]

2. A zoologist divides the animals in a forest into three types: high grazing (HG), medium grazing
(MG) and low grazing (LG) animals. The high grazing animals are most likely to eat all of
the grass and cause erosion in the forest, and the probability for erosion for HG animals is
0.3. The corresponding erosion probability for the MG animals is 0.1 and for LG animals
0.05. To simplify the problem we may assume that the different types of animals cause erosion
independently of each other. The proportion of animals in the forest are 10 % (HG), 30 %(MG)
and 60 %(LG).

(a) What is the probability that erosion in a forest, if it has occurred, has been caused by
HG animals? [5p]

(b) The zoologist wants to make an inventory on all forests in a country. Suppose that all
the forests in the country have a distribution of animals with probability of erosion like
above and suppose that different forests are independent. How many forests does the
zoologist need to study before she will find at least one that has eroded, with probability
larger than 0.9? [5p]

3. Suppose that X1,X2,X3 are independent random variables with X1 ∈ Bin(4, 0.5), X2 ∈
Bern(0.5) and X3 has the geometric distribution with parameter 0.1.

(a) Find the probability mass function of X1 +X2. [5p]
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(b) Calculate P (X1 +X2 > X3). [5p]

4. Let (Ω,F , P ) be a probability space and let X1,X2, . . . be an infinite sequence of independent
identically distributed random variables, all with Un[0, 1]-distribution. Define the random
variables

Yi = 1{Xi ≤ 1/4},

for i = 1, 2, . . .. Let Sn = Y1 + . . . Yn.

(a) Calculate (exactly) P (S10 = 4). [10p]

(b) Give a numerical approximation to P (21 < S100 ≤ 29). [10p]

5. Let U be a random variable with distribution function

F (u) =



























0, u < 0,
u/4, 0 ≤ u < 1,
1/4 1 ≤ u < 2,
3/4, 2 ≤ u < 10,
1, u ≥ 10.

(a) Find the density function f of U , and specify which measure it is a density with respect
to. [6p]

(b) Define the new random variable Y by Y = −log(1 − U) if 0 ≤ U < 1, and Y = 0
otherwise. Find the distribution function of Y . [14p]

6. A probabilist wants to model the waiting times at a train station in a small village. He assumes
that the number of travellers that arrive at the train station during a day is a binomial
distributed random variable with parameters n = 3 and p = 0.4 . Each traveller spends
a time waiting for their train which is assumed to follow the exponential distribution with
expectation 10 minutes. Different travellers have independent waiting times and all travellers
waiting times are independent of the number of travellers that arrive during the day. Let T
be the smallest of the travellers waiting times during a day.

(a) Calculate P (T > 5). [10p]

(b) Calculate E(T ). [10p]
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