
Mathematical Statistics Exam 2017-10-24 at 14:00–19:00
Centre for Mathematical Sciences MASA01A
Lund University Probability theory

Complete solutions to all problems are required. Models should be specified, approximations and
conclusions should be specified and motivated.

Problems 1, 2 and 3 can give a maximum of 10 points each. Problems 4, 5 and 6 can give a maximum of
20 points each. The maximum total on the exam is 90 points. The limit for Pass (P) is at least 45 points,

and the limit for High Pass (HP) is at least 67 points.

Only the paper sheets provided by the institute in the exam room shall be used, both for solutions and for
sketches/notes.

Each problem solution shall start at the top of a new paper.

Write your ID number on each paper that you hand in.

Red pencil or pen is not allowed.

Only statistical tables provided by the institute are allowed. Electronic calculators are allowed. No other
tables or formula sheets are allowed.

1. Let (Ω,F ,P) be a probability space, and suppose that A,B are events such that P (B\A) = 0.2
and P (A ∩B) = 0.1. Calculate P (Bc). [10p]

2. Let V1, V2, V3 be independent r.v.’s with probability mass functions

fVk
(x) = p(1− p)x−1,

for x = 1, 2, . . ., for respectively k = 1, 2, 3, and with 0 < p < 1 a fixed number. Define
U = min(V1, V2, V3). Calculate E(U) and V ar(U). [10p]

3. Let T1 and T2 be two independent Exp(1)-distributed r.v.’s.

(a) Define V = e−T1 . Derive the density function of V . What do you call such a r.v. V ? [5p]

(b) Calculate P (1/4 ≤ V + T2 ≤ 3/4). [5p]

4. Suppose that X is a r.v. with distribution function

F (x) =



0, x < 1,
1
8 , 1 ≤ x < 2,
1
4 , 2 ≤ x < 3,
1
2 + 1

2(x− 3), 3 ≤ x < 4,
1, x ≥ 4.

(a) Find the density function f of X, and state which measure µ that f is a density with
respect to. [10p]

(b) Calculate E(1/X) and E(1{X = 3}). [10p]
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5. Suppose that (Ω,F , P ) is a probability space and let U1, U2, . . . be an infinite sequence of
independent identically distributed r.v.’s. The probability mass function of an Ui is given by

fUi(x) =

{
1
2 , x = 1,
1
2 , x = 2.

Define the r.v.’s Vi = U2
i , for i = 1, 2, . . ..

(a) Show that

E

[(
1

n
(V1 + . . .+ Vn)− c

)2
]
→ 0

as n→∞, for some constant c, and determine the constant. [10p]

(b) Find an approximate value (numerical) of

P (V1 + . . .+ Vn ≤ 2530)

when n = 1000. Motivate your approximation. [10p]

6. Suppose that an experiment in a physics lab consists of first starting, independently of each
other, 10 processes, where for each process the probability of a successful start is p. In each of
the successfully started processes, of the 10 attempted processes, one studies the radioactive
decay of some materials during a fixed and same time period. The number of particles in a
process that decay during the time period can be assumed to be Poisson distributed and with
the expected number of particles that decay during the time period being θ (with the same θ
in all processes). The number of particles that decay in different processes can be assumed to
be independent of each other and one can also assume that the number of decayed particles
in each of the processes are independent of the number of processes that have in fact started.

(a) Let N be the total number of radioactive decays in the above experiment. Find an
expression for E(N). [8p]

(b) Suppose that one has the same setup as above but that one instead attempts to start n
(instead of 10) processes. Now however let p = 1, so that the number of processes suc-
cessfully started is non-random and equal to n. Let Ñ be the total number of radioactive
decays in this new experiment. Find an expression for how large n has to be in order for
P (Ñ ≥ 1) ≥ 0.9? [6p]

(c) Now suppose that the same assumptions as in (b) hold, with n̂ the number of attempted
starts of the processes, but now with instead 0 < p < 1. Let N̂ be the total number of
radioactive decays in this experiment, and look again for how large the number n̂ should
be such that P (N̂ ≥ 1) ≥ 0.9. Is the expression for n that you obtained in (b) a bound
(upper or lower) for this number n̂? [6p]
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