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1 Introduction

This note gives an elementary introduction to inference for stochastic processes. We
treat inference for Poisson processes and inference for Markov chains.

Let Ω be the outcome space, F the collection of events, and P the probability.
Recall that a random variable X is a function

X : Ω 7→ R,

such that {ω : X(ω) ≤ x} ∈ F for every x, i.e. such that the set {ω : X(ω) ≤ x} is
an event. Also recall that a random vector X = (X1, . . . , Xn) is a function

X : Ω 7→ R
n,

such that {ω : X1(ω) ≤ x1, . . . , Xn(ω) ≤ xn} is an event for all x = (x1, . . . , xn).
In general we define a stochastic process as a function

X : Ω 7→ X , (1)

where X is some infinite-dimensional space. (We need to make sure that we get events
when we look at the values of the stochastic process, this is called “measurability”
of the process. This is however quite technical and we refrain for studying that in
more detail. We need not worry for now; all the processes that we will study here are
measurable.)

Typically the space X is a function space, so that a stochastic process X can
be written and thought of as a “random function” X(t). This means that for every
random experiment we “toss the coin” or whatever it is that we do when we perform
the experiment, and we get the outcome ω, which is a point in the outcome space Ω.
The resulting stochastic process is then a ordinary deterministic function

x(t) = X(t;ω).
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Note that when we do inference we get observations that we use to draw conclu-
sions: That means that we either get point estimates, or make confidence intervals or
make tests. In the case when we observe a random variable X we get observations,
one x or several x1, . . . , xn. In the case when we have random vectors, for instance a
2-dimensional random vector (X, Y ), we get observations, (x1, y1), . . . , (xn, yn). For
instance in the case when we have abservations from a 2-dimensional vector we can
plot the data (x1, y1), . . . , (xn, yn) in a coordinate system to get a picture of the co-
variance C(X, Y ).

Now, in the case of observing a stochastic process X(t) we will get functions as
observations, and typically we get only one observation, so we get x(t) an observation
of X(t).

Let us now write the stochastic process, in a bit more detail, as X(t) for t ∈ T ,
with T a set. Recall then that the observation x(t), t ∈ T is an ordinary function
defined on the set T . We can then classify a s.p. as a

(i) Discrete time stochastic process if T = {0, 1, 2, . . .}.

(ii) Continuous time stochastic process if T = R+ = [0,∞).

We can further classify a s.p. depending on what values X(t) can take. We say that
the s.p. has a

(a) Discrete outcome space if X(t) takes values in {0, 1, 2, . . .}

(b) Continuous outcome space if X(t) takes values in R.

There are connections here, but we do not treat this in more detail for now.1

1.1 The inference problem

We want to make inference for a process based on an observation x(t) of the process.
We assume that the process’ distribution depends on an unknown parameter θ ∈
Θ. Based on an observation x(t) of the process we want to estimate the unknown
parameter θ.

We will apply the methods we have used before to obtain estimators, in particular
we will use the ML method.

1In the case (b) one can make further distictions, since an observation x(t) of X(t) is then a
function, for instance it can be continuous or it can be differentiable. Allowing for discontinuities
in a function, one can see that (ii)(a) is a subset of (ii)(b). In fact, we can introduce the set D(R)
consisting of real-valued functions that are continuous from the right and have limits from the left.
A function in D(R) is called cadlag. Then we say that a s.p. has

(b’) Continuous outcome space with cadlag sample paths if X(t) is a function in D(R).
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2 Inference for Poisson processes

2.1 The definition and further properties

Recall the definition of a Poisson process.

Definition 1 (Poisson process) Let T1, T2, . . . be i.i.d. r.v.’s that have the exponential
distribution Exp(λ). We define a stochastic process on [0,∞) by letting the r.v.’s be
times between events, and let X(t) be the number of events that have occured up to
time t, for t ≥ 0. Thus

T1 time from zero to the first event,

T2 time from the first event to the second event,

. . .

Tk time from the k − 1’st event to the k’th event,

for k ≥ 3. We can define the process X by, at time t letting X(t) be equal to the
number of events that have occured up to and including time t, formally as

X(t) = inf{n :
n
∑

i=1

Ti ≤ t}

The process X is called a Poisson process, with parameter λ (called the intensity). ✷

This is a definition that is very convenient e.g. when one wants to simulate a Possion
process.

There is an equivalent definition of a Poisson process, that is sometimes more
convenient.

Definition 2 Let X(t), t ≥ 0, be stochastic process such that

(i) X(0) = 0,

(ii) For a fixed number λ > 0 and every t, h > 0 it holds that X(t + h) − X(t) ∈
Po(λh).

(iii) X has independent increments, meaning that for every fixed 0 ≤ t1 < t2 ≤ s1 <

s2 the two random variables X(t2)−X(t1) and X(s2)−X(s1) are independent.

Then X is called a Poisson process with intensity λ. ✷

The fact the two definitions are equivalent is a mathematical theorem, which needs
to be proved, but which we do not prove here. (It is typically done in a second course
in Prabability Theory)
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2.2 Inference for λ

Now suppose that we have an observation x(t) of a Poisson process X(t). Then the
parameter one would like to estimate is it’s intensity λ. Thus the unknown parameter
is θ = λ and the parameter space is Θ = R+.

The process can be observed in several different ways.
Case A. Typically one does not observe the whole sample path, but only the

value of the process at a fixed time point t0. Then one has x(t0) an observation of
X(t0) which one knows is Po(λt0) distributed. Let us try to find the ML estimator.
The likelihood is

L(λ) = e−λt0
(λt0)

x(t0)

x(t0)!

and the log likelihood

l(λ) = logL(λ) = −λt0 + x(t0) log(λt0)− log(x(t0)!.

One can maximize this, in the usual way by differentiating and solving l′(λ) = 0 for
λ, to obtain

λ̂ =
x(t0)

t0
.

Case B. Sometimes one observes the process values at several points t1, . . . , tk,
so that one has observations x(t1), . . . , x(tk). Then we can use the property of in-
dependent increments, (iii) in the second definition above, in the Poisson process to
conclude that x(t1), x(t1) − x(t1), . . . , x(tk) − x(tk−1) are independent observations.
Furthermore, they are observations of Poisson distributed r.v. ((ii) in the second
definition above), so each x(tj) − x(tj − 1) is an observation of a Po(λ(tj − tj−1))
distributed r.v. The likelihood we obtain from these data is then

L(λ) = e−λt1
(λt1)

x(t0)

x(t1)!
· e−λ(t2−t1)

(λ(t2 − t1))
x(t2)−x(t1)

(x(t2)− x(t1))!
· · ·

e−λ(tk−tk−1)
(λ(tk − tk−1))

x(tk)−x(tk−1)

(x(tk)− x(tk−1))!

= e−λ(t1+t2−t1+...+tk−tk−1)λx(t1)+x(t2)−x(t1)+...+x(tk)−x(tk−1) · C

= e−λtkλx(tk) · C,

where C is a constant (does not depend on λ.) Taking the logarithm to get the
loglikelihood l(λ) and maximizing this shows that

λ̂ =
x(tk)

tk
.

We note that this is the estimator that we would have gotten if we would have
based the estimator on only the last observation x(tk) (compare with A above.)
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3 Inference for Markov chains

3.1 The definition and further properties

Let X = (X(t) : t ∈ Z) be a discrete time stochastic process. Assume that the process
takes only discrete values, so that for every n X(n) can take the values {0, 1, 2, 3, . . .}
only. We restate the definition of a Markov process in dicrete time, and now make
more specific for a process that has discrete sample paths. Such a process is called a
Markov chain.

Definition 3 Assume the process X satisfies

X(n)|X(n− 1), . . . , X(1)
d
= X(n)|X(n− 1)

meaning that

pX(n)|X(n−1),...,X(1) = pX(n)|X(n−1),

with pU |V denoting the conditional probability mass function of U given V . Then X

is called a Markov chain. ✷

The Markov property is a way to model loss of memory, or that the past does not
matter for the future, only where we are right now.

It seems intuitively clear that, for a Markov chain, the conditional probabilities

pX(n)|X(n−1)(k|j) = P (X(n) = k|X(n− 1) = j)

are important. These are called the transition probabilities. In general they can de-
pend on n, as above. If they do not depend on n we call the chain time-homogeneous.
From now on let us assume that the transition probabilities do not depend on n, so
that in fact we have time-homogeneous chains. Thus we have conditional probabilities

pij = P (X(n) = j|X(n− 1) = i),

that are the probabilities of jumping from state i to state j in one step.
Now assume that the Markov chain can take only finitely many values, say values

in {1, 2, . . . , r} for some r < ∞. We note that for every state i

1 = pi1 + pi2 + . . . pir

since, given that we are in state i, we have to jump to one of the states 1, 2, . . . , k
(note that i is included in these states, meaning that i → i jump is a possibility, so no
a “no jump” is one of the possibilities). We then have a finite number r2 of one-step
jump probabilities pij which we can put into a matrix

P =







p11 p12 . . . p1r
. . .

pr1 pr2 . . . prr





 ,
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with all elements between zero and one and all rows summing to one. We call this
the (time-homogeneous) transistion matrix of the Markov chain.

In addition to the above transition probabilities, the absolute probabilities of being
in a state i = 1, . . . , r at time n

pi(n) = P (X(n) = i),

are of importance. Let us define the vector of such absolute probabilities at time n,

p(n) = (P (X(n) = 1), P (X(n) = 2), . . . , P (X(n) = r))

= (p1(n), p2(n), . . . , pr(n)).

Theorem 1 In a time-homogeneuos Markov chain with transition matrix P ,

p(n) = p(n− 1)P,

for every n.

Proof. The right hand side of the above equation is a vector which at position k has

r
∑

i=1

pi(n− 1)pik =
r

∑

i=1

P (X(n− 1) = i)P (X(n) = k|X(n− 1) = i),

= P (X(n) = k)

where the second equality follows from the law of total probability. We see that the
result is equal to the left hand side at position k. ✷

The statement of the Theorem can be iterated in a natural way, and for instance
we get

p(n) = p(1)P n.

Thus if we have the starting distribution p(1) of the chain we can get the distribution
p(n) at any later time n, by repeated matrix multiplication with the transition matrix
P .

Thus in a natural sense, for a time-homogeneous Markov chain, the transition
matrix P determines all distributions if the starting distribution is know. We can
therefore call the matrix P the parameter of the chain. Note that even though we
have r2 unknown parameteters, since we have the each row sums to one

pi1 + . . .+ pir = 1,

we can solve for one of them, for instance the last, to obtain pir = 1− (pi1+ . . . pi,r−1,
so that we effectively have r2 − r = r(r − 1) parameters.
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3.2 Inference for the transition probabilities

Let us now asssume we have observations x(1), . . . , x(l) of a Markov chain, and as-
sume that the transition matrix P is unknown. We will present two approaches for
estimating P : one based on the frequency interpretation of a probability and the
other based on the likelihood for the data.

Method A. The first is easily explained by an example. Suppose we have a chain
with two states 0 and 1, so that there are four parameters in the transition matrix
that we would like to estimate, called p00, p01, p10 and p11. Suppose that we have
observed the chain at 10 times and we have obtained the sequence

1010011001.

What information have we gotten about the parameters from this data set? We see
that we have 2 jumps 0 → 0, 3 jumps 0 → 1, 3 jumps 1 → 0 and 1 jump 1 → 1.
Is it possible to estimate the parameters by a simple relative frequency estimator?
Remember that if A is an event and we perform n independent experiments and each
time the probability to see A is P (A), then we can estimate P (A) by

P̂ (A) =
number of times we observe A

n
.

This gives us the idea to estimate for instance p00 by

p̂00 =
number of jumps 0 → 0

total number of jumps from 0
.

But are the jumps independent?

Lemma 1 The jumps in a time-homogeneous Markov chain at different time points
are independent events.

Proof. Let us show that two subsequent jumps are independent. Suppose the chain
jumps at time n− 1 as i → j and at time n as j → k. Then

P (X(n) = j|X(n− 1) = i) · P (X(n+ 1) = k|X(n) = j)

= P (X(n) = j|X(n− 1) = i) · P (X(n+ 1) = k|X(n) = j,X(n− 1) = i)

=
P (X(n) = j,X(n− 1) = i)

P (X(n− 1) = i)
·
P (X(n+ 1) = k,X(n) = j,X(n− 1) = i)

P (X(n) = j,X(n− 1) = i)

=
P (X(n+ 1) = k,X(n) = j,X(n− 1) = i)

P (X(n− 1) = i)

= P (X(n+ 1) = k,X(n) = j|X(n− 1) = i),

where the first equality holds by the Markov property, the second by the definition of
conditional probability, the third is just algebra, and the fourth holds by the defini-
tion of conditional probability. But the last event inside the probability is the event
that given that X(n − 1) = i we first jump to j and then to k. This shows that
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the two jumps are independent. (If it is easier for you to accept that the two jumps
are independent by doing the reasoning in the other direction, by starting with the
probability of the last event and going upwards, then please do!) ✷

This estimator gives us the results

p̂00 =
2

5
,

p̂01 =
3

5
,

p̂10 =
3

4
,

p̂11 =
1

4
,

for the example above.
Method B. The second approach is to use the likelihood function. Using the

above example we see (deriving this is also left as an exercise), that the probability
of seeing the above data is

P (X(1) = 1, X(2) = 0, . . . , X(9) = 0, X(10) = 1)

= P (X(10) = 1|X(9) = 0) · · ·P (X(2) = 0|X(1) = 1)P (X(1) = 1),

using the Markov property and the definition of conditional distributions. Another
way to write this is

p200p
3
01p

3
10p11P (X(1) = 1).

Using that p00 + p01 = 1, p10 + p11 = 1, and that P (X(1) = 1) does not depend on
the parameters (let us assume this for now), maximizing this gives us

p̂00 =
2

5
,

p̂01 =
3

5
,

p̂10 =
3

4
,

p̂11 =
1

4
.

This is the same result as the simple frequency estimator above. This estimator is
(can be called) the maximum likelihood (ML) estimator of the parameters in the
Markov chain.
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